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FIG. 2. Characterization of the phases at nr30 = 10�2. Upper panels. PIMC shapshots at di↵erent strengths of dipolar
interaction: (a) SF at ad = 0.6r0, (b) superfluid FP at ad = 2.6r0 and (c) UP at ad = 6.0r0. Lower panels. (a) pair correlation
functions g(r) in the SF. (b) and (c) pair correlation functions g

k

(r) along the vertical direction (red) and g
?

(r) along the
orthogonal plane (blue). g

k

(r) has a fluid-like profile in the FP. In the UP g
k

(r) a high peak due to strong attractive interactions
appears at distances r & r0. g?(r) in the FP shows a strong suppression in between two filaments whereas in the UP it flattens
at intermediate distances. Simulations are done with 100 particles and 500 slices with periodic boundary conditions. Correlation
functions are averaged over a hundred configurations.

large density along the z-axis. In the UP the first peak
of g

k

(r) is higher and the function oscillates several times
before vanishing for large distances as a consequence of
the finite size of the clusters. The correlation g

?

(r) (blue
line) is evaluated along the horizontal plane, perpendic-
ular to the direction of the filaments. In the FP, it is
strongly suppressed in the region between two filaments
as expected from the configuration snapshot. In the UP
g

?

(r) flattens at intermediate distances displaying an ir-
regular arrangement of the small dipolar droplets along
the horizontal plane.

To fully characterize the genuine quantum proper-

ties of the FP we compute the superfluid fraction f
(i)

s

as a function of the interaction strength and tempera-
ture along three orthogonal directions i = x, y, z, yield-

ing f
(i)

s

= mkBT

~2
n

hw2

i

i, where w
i

is the winding num-
ber estimator, and h. . .i stands for its thermal average

[34, 35]. Fig.3 depicts the superfluid fraction f
(i)

s

cal-
culated varying the dipolar length a

d

for nr3

0

= 10�2.
In the SF the superfluid density is uniform and unitary

(f (i)

s

= 1). Crossing the SF-FP phase boundary f
(i)

s

dis-
plays a strong anisotropy. The superfluid fraction is uni-
tary along the vertical direction and it vanishes along the
orthogonal x � y plane, showing only a marginal finite-
size e↵ect contribution to w

x

and w
y

, respectively. This
result indicates that each filament is phase coherent, but
globally the system is not. Finally entering in the UP

f
(i)

s

= 0 uniformly as expected from the fragmentation
of the filaments in the configurations. The lower panel of
Fig.3 reports the relative frequency of exchange cycles in-
volving a particle number 1  L  N [36]. In the SF we
observe long permutation cycles (⇠ N). In the FP (UP)
cycles reduce to few tens of (few) particles in support
of the previous observation that superfluidity originates
within each filament (within each cluster).

Finally we investigate the stability of superfluid fila-
ments at finite temperatures. In Fig.4 we show the su-
perfluid fraction for a system of N = 100 particles at
density nr3

0

= 10�2 as a function of T/T
0

, T
0
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the critical temperature of an ideal Bose gas k
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[37]. We start by analyzing the su-

perfluid fraction in the SF. We compare PIMC results
with an analytical calculation within the Landau two-
fluid model [2], which, for an uniform system, predicts
the temperature dependence of the superfluid fraction as
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ps

(q) =
g
0

�
1 � ✏

d

+ 3✏
d

cos2(✓
q

)
�

is the Fourier transform of the

pseudo-potential V
ps

(r) = g
0

�(r) + Cdd
4⇡

1�3 cos

2
✓

r

3 with

BEC with long rage interactions

Phases of dipolar bosons in a 2D bilayer system
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We study by first principle computer simulations the low temperature phase diagram of bosonic
dipolar gases in a bilayer geometry, as a function of the two control parameters, i.e., the in-plane
density and the interlayer distance. We observe four distinct phases, namely paired and decoupled
superfluids, as well as a crystal of dimers and one consisting of two staggered crystalline layers. A
direct quantum phase transition from a dimer crystal to two independent superfluids is observed in
a relatively wide range of parameters. No supersolid phase is predicted for this system.

PACS numbers: 67.80.bd, 67.85.Hj, 03.65.Vf

I. INTRODUCTION

Quantum assemblies of particles featuring permanent
electric or magnetic dipole moments are of interest for
the intriguing, novel many-body physical e↵ects that
the anisotropic character of the interaction may underlie
[1, 2]. In the simplest physical setting, a gas of dipolar
bosons is confined to two dimensions (2D), their dipoles
all aligned perpendicularly to the plane by means of an
external field; in this case, the interaction between two
particles is purely repulsive, decaying as 1/r3 at long
distances – neither short, nor quite long ranged. Ex-
perimentally, a realization of such a system is possible
with molecules [3] and ultracold Rydberg-excited atoms
[4] confined to 2D by means of an external harmonic trap.
The ground state (T = 0) phase diagram of such a sys-
tem has been studied by Monte Carlo simulations [5–9],
yielding evidence of a first-order quantum phase transi-
tion between a superfluid and a crystal at high density.

Of great interest is also the case of a bilayer geometry,
i.e., with dipolar particles (obeying either Fermi or Bose
statistics) confined to two parallel planes. In this case,
if dipoles are aligned as described above, the in-plane in-
teraction is purely repulsive, while that between particles
in di↵erent planes is attractive at short distances. The
control parameters of this system, in the T ! 0 limit,
are the in-plane density (or, equivalently, the mean in-
terparticle distance rs), assumed here to be the same for
both planes, and the interlayer distance d.

The e↵ect on the physics of the system of the interac-
tion between particles in di↵erent layers, depends on both
d and rs in a non-trivial way. In the two opposite limits
d >> rs and d << rs, one expects the physics to be the
same as that of a single layer, in the first case because the
two layers decouple, in the second because the attraction

⇤ cinti@sun.ac.za
† cdwwang@phys.nthu.edu.tw
‡ m.boninsegni@ualberta.ca
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Figure 1. Color online. Phases of a bilayer bosonic dipolar
system. There are two superfluid phases, one consisting of a
single superfluid of dimers (top left), the other one comprising
two independent 2D superfluids (bottom left). Bottom right
represents the single crystal phase, whereas top right shows a
crystal of dimers. Below each phase the e↵ective interlayer po-
tential (see text) is shown for values of the mean interparticle
distance rs which correspond to the phase shown. The e↵ec-
tive potential is normalized to its r = 0 value. For all cases
shown, the interlayer distance d = 0.1 in the units adopted
here (see text).

between particles in di↵erent layers leads to the forma-
tion of increasingly tightly bound pairs (dimers), acting
like dipolar bosons of twice the mass and dipole moment
of the original particles [10, 11]. On the other hand, in
the intermediate regime in which d ⇠ rs, one may expect
novel phases to occur as a result of the competition be-
tween the repulsive in-plane and the (mostly) attractive
out-of-plane interactions.
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Dipole-dipole interactions

d: E or B dipole moment 

#

rE
z
o
r
B

z

g =
4⇡~2a(d)

m

Characteristic range of 
the interactions

ad =
md2

~2

V (r) = U(r) +
d2

r3
�
1� 3 cos

2 ✓
�

Two-body short-range interactions:

U(r) =
4⇡~a
m

�(r)

a s-wave scattering length 
a > 0 repulsive  
a < 0 attractive



Periodic tableUltra-cold atoms
Typical temperatures 

10-100 nK
Typical number of atoms 

1-106

Typical sizes 

few µm



Periodic tableUltra-cold atoms
Typical temperatures 

10-100 nK
Typical number of atoms 

1-106

Typical sizes 

few µm

Cr (d=6μB), Er (7μB), Dy (10μB) 

Polar molecules (KRb): d≈0.1÷1D 

Tunability of the dipole-dipole interactions (Feshbach resonance)!
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Figure 9. Intuitive picture for the geometry-dependent stability of a trapped dipolar BEC. (a) In a prolate (cigar-shaped) trap with the
dipoles oriented along the weak confinement axis of the trap, the main effect of the dipole–dipole interaction is attractive, which leads to
an instability of the condensate. (b) In an oblate (pancake-shaped) trap with the dipoles oriented along the strong confinement axis, the
dipole–dipole interaction is essentially repulsive, and the BEC is stable.

with the kinetic energy

Ekin = Nh̄ω̄
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the potential energy due to the trap
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and the interaction (contact and dipolar) energy
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The dipolar contribution in the last part is most easily
calculated in momentum space as

Edd = 1
2

∫
n(r)n(r′)Udd(r − r′) d3r d3r ′

= 1
2(2π)3

∫
Ũdd(k)ñ2(k) d3k, (5.9)

where ñ(k) is the Fourier transform of the density distribution
(and therefore, in this case, still a Gaussian). In (5.8), κ =
σρ/σz is the aspect ratio of the cloud (which differs from that
of the trap due to the elongation induced by the dipole–dipole
interaction as discussed above), and f is given by

f (κ) = 1 + 2κ2

1 − κ2
− 3κ2artanh

√
1 − κ2

(1 − κ2)3/2
. (5.10)

The function f (κ), displayed in figure 10, is monotonically
decreasing, has asymptotic values f (0) = 1 and f (∞) = −2
and vanishes for κ = 1 (implying that for an isotropic density
distribution the dipole–dipole mean-field potential averages to
zero).

To determine the stability threshold acrit(λ), one needs
to minimize (5.5) with respect to σρ and σz for fixed values
of N , λ and ω̄. For a > acrit , one has a (at least local)
minimum of energy for finite values of σρ,z, while as soon
as a < acrit , no such minimum exists. Figure 11 shows
contour plots of E(σρ, σz) for N = 20 000, λ = 10 and
different values of a, clearly showing that acrit(10) ≃ −8.5 a0

for the chosen parameters. In figure 13, the critical scattering
length acrit(λ) obtained in this way is shown as a thick line
for ω̄ = 2π × 800 Hz and N = 20 000 atoms. In the limit
N → ∞, the asymptotic behavior of this curve (a∞

crit(0) = add

and a∞
crit(∞) = −2add) can be easily understood, as only the

sign of the interaction term (5.8) (which scales as N2 and

Figure 10. The function f (x) entering the calculation of the dipolar
mean-field energy.

not as N like the kinetic and potential energy) determines the
stability. For an extremely pancake-shaped trap λ → ∞, the
cloud has an aspect ratio κ → ∞, and, as lim

x→∞
f (x) = −2,

the condensate is (meta-)stable only if a > −2add. In the
same way, one readily understands that for λ → 0, the critical
scattering length is add. The minimal value of λ for which
a purely dipolar condensate (a = 0) is stable is the one
for which κ = 1 and is found numerically to be close to
λ ≃ 5.2 [56, 93, 96, 101, 102].

In [102], the influence of the trapping geometry on the
stability of a 52Cr BEC was investigated experimentally. A
combination of an optical dipole trap and one site of a
long period (7 µm) optical lattice provided an harmonic trap
cylindrically symmetric along the z-direction (along which
the dipoles are aligned), with an aspect ratio λ that could
be varied over two orders of magnitude (from λ ≃ 0.1—
prolate trap—to λ ≃ 10—oblate trap—), while keeping the
average trap frequency ω̄ = (ω2

ρωz)
1/3 almost constant (with

a value of 2π × 800 Hz). Using the Feshbach resonance at
589 G, the scattering length was ramped adiabatically to a
final value a and the atom number in the BEC was measured.
A typical measurement is shown in figure 12. When a is
reduced, the atom number decreases, first slowly, and then
very abruptly when a approaches a critical value acrit , below
which no condensate can be observed. Figure 13 shows the
measured value of acrit as a function of λ. One clearly observes
that for prolate traps, acrit is close to add, as expected from
the discussion above, while for the most pancake-shaped trap
λ = 10 the critical scattering length is close to zero: for such
a geometry, a purely dipolar condensate is stable. The solid

12
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Figure 9. Intuitive picture for the geometry-dependent stability of a trapped dipolar BEC. (a) In a prolate (cigar-shaped) trap with the
dipoles oriented along the weak confinement axis of the trap, the main effect of the dipole–dipole interaction is attractive, which leads to
an instability of the condensate. (b) In an oblate (pancake-shaped) trap with the dipoles oriented along the strong confinement axis, the
dipole–dipole interaction is essentially repulsive, and the BEC is stable.
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FIG. 3: (A) Stability diagram of a dipolar BEC. Experimental (green squares) and theoretical (green line) values of the critical
scattering length acrit are plotted as a function of the trap aspect ratio. The theory curve is obtained for 20,000 atoms and
an average trap frequency ω̄ = 2π × 700 Hz (the average values we find for our six traps). The red curve (magnified in the
inset) marks the stability threshold for a BEC with pure contact interactions using the same parameters. In grey we plot the
asymptotic stability boundary (N → ∞) which for λ → 0 (λ → ∞) converges to add (−2add), see text. (B-E) Behavior of the
energy landscape E(σr, σz). Lines of equal energy are plotted for fixed λ = 10 and four different values of the scattering length
a (blue dots in (A)). For acrit < a < add (C) the collapsed prolate ground state emerges (σr → 0 at finite σz) and the BEC
becomes metastable.

to a metastable state) is determined by the trap aspect
ratio λ (see Fig 3 C, where add > a > acrit and Fig D,
where a = acrit). Finally, below a ∼ −2add (Fig 3 E)
the metastable state vanishes for any λ and the BEC is
always unstable [13, 14].

Considering the limit Nadd/aho ≫ 1 where the terms
(9) and (10) can be neglected [25] (grey curve in Fig. 3 A)
we gain further insight into the nature of the dipolar col-
lapse. In this case the stability is governed by the compe-
tition between the contact and dipole-dipole interaction
only, that is by the sign of the last term in Eq. 11. Hence
the critical scattering length is implicitly given by

acrit(λ) = addf (κ (λ)) . (12)

The asymptotic behavior of the theory curve acrit = add

for λ → 0 (respectively acrit = −2add for λ → ∞) now
becomes apparent as for extremely prolate (respectively
oblate) traps the cloud shape follows the trap geometry
and f takes on its asymptotic values. Another particular
point is acrit = 0 marking the aspect ratio λ needed to
stabilize a purely dipolar BEC. More precisely, as f(1) =
0, we search for the trap in which the ground state of
a purely dipolar BEC is isotropic. As the DDI tends
to elongate the BEC along the z-direction and shrink it
radially, it is clear that the desired trap is oblate. Using
our model we obtain the criterion λ > λc ≈ 5.2 for a
purely dipolar BEC to be stable, a result that agrees
well with the values found in [13, 14, 26].

The grey curve in Fig. 3 A that we obtain by numer-
ically solving Eq. 12 shows a universal behavior in the
sense that in the large N limit acrit(λ) does not depend

any more on the absolute values of the trap frequencies
and N . This fact clearly distinguishes the dipolar col-
lapse from the pure contact case (red curve in Fig. 3 A).
The former is ruled by the interplay between contact
and dipolar interaction whereas in the latter the zero
point energy and the contact interaction rival against
each other. Due to the different N -scaling of the two com-
peting terms in the pure contact case, the λ-dependance,
which is already weak for finite N [27], completely van-
ishes in the limit of large N as the stability criterion
reads acrit(λ) = 0 (see Eq. 1 and red curve in Fig. 3 A).
Furthermore the stability threshold obtained here applies
for any dipolar system like e.g. hetero-nuclear molecules,
where the only difference is the specific value of add.

In spite of the simplicity of our model we find good
agreement between experiment and theory (Fig. 3 A).
We checked that the different atom numbers and mean
trap frequencies that we find for the six traps modify the
green curve by much less than the error bars which arise
mainly from the calibration of the scattering length. For
the most oblate trap (λ = 10) the 1/e-lifetime of the
purely dipolar BEC (a = 0) decreases to ∼ 13 ms.

In conclusion, we experimentally mapped the stabil-
ity diagram of a dipolar BEC. The dependance on scat-
tering length and trap aspect ratio agrees well with a
simple model based on the minimization of the energy
of a Gaussian ansatz. By using a pancake-shaped trap
we were able to enter the regime of purely dipolar quan-
tum gases. This work opens up the route to new and
exciting physics [26]. A clear subject for future studies is
the dynamics of the dipolar collapse, which might show
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Although the phenomenon of Bose–Einstein condensation1 is
a purely statistical eVect that also appears in an ideal gas, the
physics of Bose–Einstein condensates (BECs) of dilute gases is
considerably enriched by the presence of interactions among
the atoms. In usual experiments with BECs, the only relevant
interaction is the isotropic and short-range contact interaction,
which is described by a single parameter, the scattering length
a. In contrast, the dipole–dipole interaction between particles
possessing an electric or magnetic dipole moment is of long-
range character and anisotropic, which gives rise to new
phenomena2,3. Most prominently, the stability of a dipolar BEC
depends not only on the value of the scattering length, a, but also
strongly on the geometry of the external trapping potential4–7.
Here, we report on the experimental investigation of the stability
of a dipolar BEC of 52Cr as a function of the scattering length and
the trap aspect ratio. We find good agreement with a universal
stability threshold arising from a simple theoretical model. Using
a pancake-shaped trap with the dipoles oriented along the short
axis of the trap, we are able to tune the scattering length to zero,
stabilizing a purely dipolar quantum gas.

In the case of a homogeneous Bose–Einstein condensate (BEC)
with pure contact interaction, the existence of a stable ground state
depends on the modulus and sign of the interaction. For repulsive
interaction (a > 0), the BEC is stable, whereas for attractive
interaction (a < 0), the BEC is unstable. This instability can be
prevented by an external trapping potential. The tendency of the gas
to shrink towards the centre of the trap is in that case counteracted
by the repulsive quantum pressure arising from the Heisenberg
uncertainty relation. Detailed analysis8 shows that in a harmonic
trap with mean frequency !̄, a condensate is stable as long as the
number of atoms N stays below a critical value Ncrit given by

Ncrit =
kaho

|a| , (1)

where aho =
p

h̄/(m!̄) is the harmonic oscillator length and k is a
constant of the order of 1/2. This scaling has been experimentally
checked in ref. 9 in a BEC of 85Rb. The dynamics of condensates
for N � Ncrit has been the subject of several experiments with
condensates of 7Li (refs 10,11) and 85Rb (ref. 12). In refs 13,
14, the collapse of a Bose–Fermi mixture of 87Rb and 40K was
investigated. Some aspects of the dynamics such as the soliton train
formation in 7Li (ref. 15) and 85Rb (ref. 16) remain the subject of
ongoing research.

Being anisotropic and long range, the dipole–dipole interaction
(DDI) diVers significantly from the contact interaction, which
changes the stability conditions in a system with DDI present.

Considering a purely dipolar condensate with homogeneous
density polarized by an external field, it is found that owing to the
anisotropy of the DDI, the BEC is unstable, independent of how
small the dipole moment is17. As in the pure contact case, a trap
helps to stabilize the system. In the dipolar case, however, it is not
only the quantum pressure that prevents the collapse but also the
anisotropy of the density distribution imprinted by the trap.

Consider a cylindrically symmetric harmonic trap

Vtrap(r,z) = 1

2
m

�
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r r2 +!2
z z2
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with the dipoles oriented along z, and r being the distance from
the symmetry axis. As can be intuitively understood from Fig. 1a,
in a pancake-shaped trap (aspect ratio l = !z/!r > 1), the dipoles
predominantly repel each other and the BEC is stable. In contrast,
a cigar-shaped trap (l < 1, Fig. 1b) leads to mainly attractive forces
and hence to a dipolar collapse. Following this simple argument,
we expect that in the prolate case a positive scattering length a is
needed to stabilize the BEC, whereas in the oblate case, we can
even aVord a slightly negative a. The dependence of the stability
of a dipolar BEC on the trap aspect ratio l and scattering length a
has been extensively studied theoretically4–7, and is experimentally
investigated here.

Our measurements are carried out with a BEC of 52Cr (ref. 18),
which is so far the only experimentally accessible quantum gas with
observable DDI19,20. To compare contact and dipolar interactions,
we introduce a length scale characterizing the magnetic DDI

add = µ0µ
2m

12⇡h̄2 .

The numerical prefactor in add is chosen such that a homogeneous
condensate becomes unstable to local density perturbations for
a  add (ref. 21). As chromium has a magnetic dipole moment of
µ = 6µB (µB is the Bohr magneton), add ' 15a0, where a0 is the
Bohr radius. Far from Feshbach resonances, a takes its background
value abg '100a0 (ref. 22) and the BEC is stable for any l. To explore
the unstable regime, we thus reduce the scattering length a, which
in the vicinity of a Feshbach resonance scales as

a = abg
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with the applied magnetic field B.
To carry out the measurements, we produce a BEC of

approximately 25,000 atoms at a magnetic field that is about 10 G
above the broadest Feshbach resonance where the scattering length
is approximately 85a0 and the BEC is stable. Once the BEC is
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Although the phenomenon of Bose–Einstein condensation1 is
a purely statistical eVect that also appears in an ideal gas, the
physics of Bose–Einstein condensates (BECs) of dilute gases is
considerably enriched by the presence of interactions among
the atoms. In usual experiments with BECs, the only relevant
interaction is the isotropic and short-range contact interaction,
which is described by a single parameter, the scattering length
a. In contrast, the dipole–dipole interaction between particles
possessing an electric or magnetic dipole moment is of long-
range character and anisotropic, which gives rise to new
phenomena2,3. Most prominently, the stability of a dipolar BEC
depends not only on the value of the scattering length, a, but also
strongly on the geometry of the external trapping potential4–7.
Here, we report on the experimental investigation of the stability
of a dipolar BEC of 52Cr as a function of the scattering length and
the trap aspect ratio. We find good agreement with a universal
stability threshold arising from a simple theoretical model. Using
a pancake-shaped trap with the dipoles oriented along the short
axis of the trap, we are able to tune the scattering length to zero,
stabilizing a purely dipolar quantum gas.

In the case of a homogeneous Bose–Einstein condensate (BEC)
with pure contact interaction, the existence of a stable ground state
depends on the modulus and sign of the interaction. For repulsive
interaction (a > 0), the BEC is stable, whereas for attractive
interaction (a < 0), the BEC is unstable. This instability can be
prevented by an external trapping potential. The tendency of the gas
to shrink towards the centre of the trap is in that case counteracted
by the repulsive quantum pressure arising from the Heisenberg
uncertainty relation. Detailed analysis8 shows that in a harmonic
trap with mean frequency !̄, a condensate is stable as long as the
number of atoms N stays below a critical value Ncrit given by

Ncrit =
kaho

|a| , (1)

where aho =
p

h̄/(m!̄) is the harmonic oscillator length and k is a
constant of the order of 1/2. This scaling has been experimentally
checked in ref. 9 in a BEC of 85Rb. The dynamics of condensates
for N � Ncrit has been the subject of several experiments with
condensates of 7Li (refs 10,11) and 85Rb (ref. 12). In refs 13,
14, the collapse of a Bose–Fermi mixture of 87Rb and 40K was
investigated. Some aspects of the dynamics such as the soliton train
formation in 7Li (ref. 15) and 85Rb (ref. 16) remain the subject of
ongoing research.

Being anisotropic and long range, the dipole–dipole interaction
(DDI) diVers significantly from the contact interaction, which
changes the stability conditions in a system with DDI present.

Considering a purely dipolar condensate with homogeneous
density polarized by an external field, it is found that owing to the
anisotropy of the DDI, the BEC is unstable, independent of how
small the dipole moment is17. As in the pure contact case, a trap
helps to stabilize the system. In the dipolar case, however, it is not
only the quantum pressure that prevents the collapse but also the
anisotropy of the density distribution imprinted by the trap.

Consider a cylindrically symmetric harmonic trap

Vtrap(r,z) = 1
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with the dipoles oriented along z, and r being the distance from
the symmetry axis. As can be intuitively understood from Fig. 1a,
in a pancake-shaped trap (aspect ratio l = !z/!r > 1), the dipoles
predominantly repel each other and the BEC is stable. In contrast,
a cigar-shaped trap (l < 1, Fig. 1b) leads to mainly attractive forces
and hence to a dipolar collapse. Following this simple argument,
we expect that in the prolate case a positive scattering length a is
needed to stabilize the BEC, whereas in the oblate case, we can
even aVord a slightly negative a. The dependence of the stability
of a dipolar BEC on the trap aspect ratio l and scattering length a
has been extensively studied theoretically4–7, and is experimentally
investigated here.

Our measurements are carried out with a BEC of 52Cr (ref. 18),
which is so far the only experimentally accessible quantum gas with
observable DDI19,20. To compare contact and dipolar interactions,
we introduce a length scale characterizing the magnetic DDI

add = µ0µ
2m

12⇡h̄2 .

The numerical prefactor in add is chosen such that a homogeneous
condensate becomes unstable to local density perturbations for
a  add (ref. 21). As chromium has a magnetic dipole moment of
µ = 6µB (µB is the Bohr magneton), add ' 15a0, where a0 is the
Bohr radius. Far from Feshbach resonances, a takes its background
value abg '100a0 (ref. 22) and the BEC is stable for any l. To explore
the unstable regime, we thus reduce the scattering length a, which
in the vicinity of a Feshbach resonance scales as

a = abg
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To carry out the measurements, we produce a BEC of

approximately 25,000 atoms at a magnetic field that is about 10 G
above the broadest Feshbach resonance where the scattering length
is approximately 85a0 and the BEC is stable. Once the BEC is
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Observing the Rosensweig instability of a quantum 
ferrofluid
Holger Kadau1, Matthias Schmitt1, Matthias Wenzel1, Clarissa Wink1, Thomas Maier1, Igor Ferrier-Barbut1 & Tilman Pfau1

Ferrofluids exhibit unusual hydrodynamic effects owing to the 
magnetic nature of their constituents. As magnetization increases, 
a classical ferrofluid undergoes a Rosensweig instability1 and creates 
self-organized, ordered surface structures2 or droplet crystals3. 
Quantum ferrofluids such as Bose–Einstein condensates with strong 
dipolar interactions also display superfluidity4. The field of dipolar 
quantum gases is motivated by the search for new phases of matter 
that break continuous symmetries5,6. The simultaneous breaking of 
continuous symmetries such as the phase invariance in a superfluid 
state and the translational symmetry in a crystal provides the 
basis for these new states of matter. However, interaction-induced 
crystallization in a superfluid has not yet been observed. Here we 
use in situ imaging to directly observe the spontaneous transition 
from an unstructured superfluid to an ordered arrangement of 
droplets in an atomic dysprosium Bose–Einstein condensate7. By 
using a Feshbach resonance to control the interparticle interactions, 
we induce a finite-wavelength instability8 and observe discrete 
droplets in a triangular structure, the number of which grows as 
the number of atoms increases. We find that these structured states 
are surprisingly long-lived and observe hysteretic behaviour, which 
is typical for a crystallization process and in close analogy to the 
Rosensweig instability. Our system exhibits both superfluidity and, 
as we show here, spontaneous translational symmetry breaking. 
Although our observations do not probe superfluidity in the 
structured states, if the droplets establish a common phase via 
weak links, then our system is a very good candidate for a supersolid 
ground state9–11.

Research in condensed matter physics is driven by the discovery of 
novel phases of matter, in particular, phases simultaneously display-
ing different types of order. A prime example is the supersolid state, 
which features crystalline order and superfluidity simultaneously 9–11. 
This state has been elusive and claims of its discovery in helium12,13 
have been withdrawn recently14. One of the requirements for spon-
taneous spatially ordered structure formation in the ground state of a 
many-body system is the existence of long-range interactions such as 
those present in ferrofluids. As a consequence of these interactions, a 
magnetized ferrofluid forms stationary surface waves due to competi-
tion between gravitational or magnetic trapping, dipolar interaction 
and surface tension. This effect is known as the normal-field instabil-
ity or Rosensweig instability2 and leads to stable droplet patterns on a 
superhydrophobic surface3. For ferrofluids, the dispersion relation of 
surface excitations has a minimum at finite momentum, resembling 
the well-studied roton spectrum in liquid helium15. However, the 
physical interpretation of this minimum is very different for ferro-
fluids and helium. The origin of the dispersion-relation minimum for 
a ferrofluid is an energy gain due to the attractive part of the dipolar 
interaction resulting in a clustering of polarized dipoles in a head- 
to-tail configuration in periodic structures. Such roton-induced 
structures have also been discussed for quantum ferrofluids8,16. 
In close similarity with a classical ferrofluid, a competition exists 
between the harmonic trapping, dipolar interaction and contact 

interaction in a quantum ferrofluid. For increasing relative dipolar 
interaction, the roton instability can lead to a periodic perturbation 
of the atomic density distribution, which is closely connected to the 
Rosensweig instability17. However, it was believed that these rotonic 
structures would be unstable, owing to subsequent instabilities of the 
forming droplets18.

Here we cool down the most magnetic element—dysprosium (Dy)19, 
with a magnetic moment of µ = 9.93µB, where µB is the Bohr magneton— 
and generate a Bose–Einstein condensate (BEC)7. We observe an angu-
lar roton instability16,18 and find subsequent droplet formation yielding 
triangular structures with surprisingly long lifetimes. We use two key 
tools to study these self-organized structures. First, we use a magnetic 
Feshbach resonance20 to tune the contact interaction (see Extended 
Data Fig. 1) and to induce the droplet formation. Second, we use a 
microscope with high spatial resolution to detect the atomic density 
distribution in situ.

The first prediction of structured ground states in a dipolar BEC 
dates back to the early days of quantum gases21; the first mechanical 
effects were seen with chromium atoms22. There, the dipolar attraction 
deforms the compressible gas and its shape is balanced by a repulsive 
contact interaction, described by the scattering length a. To compare 
the strengths of the contact and dipolar interaction, we introduce a 
length scale that characterizes the magnetic dipole–dipole interaction 
strength: add = µ0µ2m/(12πħ) (ref. 2), where µ0 is the vacuum perme-
ability, m is the atomic mass and ħ is the reduced Planck constant. By 
tuning the scattering length a with a Feshbach resonance such that 
a < add, the dipolar attraction dominates the repulsive contact inter-
action and an instability of a dipolar gas can occur4,23. However, in a 
pancake-shaped trap, the dipoles sit mainly side-by-side and predom-
inantly repel each other, owing to the anisotropy of the dipole–dipole 
interaction, and hence the dipolar BEC is stabilized. In such a pan-
cake-shaped configuration, the roton instability, which occurs at a finite 
wavelength, is predicted8,16.

For our experiments, we used the isotope 164Dy with a dipolar 
length of add = 132a0, where a0 is the Bohr radius. This dipolar length 
is already greater than the background scattering length abg = 92(8)a0 
(where the errors in parentheses here and elsewhere represent one 
standard deviation), which is the value far from Feshbach reso-
nances24,25. To obtain a stable BEC, we tuned the scattering length 
to a ≈ add using a magnetic field of B = 6.962(3) G in the vicinity of a 
Feshbach resonance located at B0 = 7.117(3) G. We then obtained typ-
ically 15,000 atoms in nearly pure Dy BECs (see Methods section). The 
atoms were trapped in a radially symmetric, pancake-shaped trap with 
harmonic frequencies of (νx, νy, νz) = (46, 44, 133) Hz, and the external 
magnetic field aligned the magnetic dipoles in the axial z direction. 
Subsequently, we tuned the magnetic field such that B ! 6.9 G, which 
reduced a to abg < add, resulting in an angular roton instability16 that 
triggered the transition to ordered states (Fig. 1a). We then observed 
the formation of droplets that arranged in ordered structures using  
in situ phase-contrast polarization imaging along the z direction with 
a spatial resolution of 1 µm.

15. Physikalisches Institut and Center for Integrated Quantum Science and Technology, Universität Stuttgart, Pfaffenwaldring 57, 70569 Stuttgart, Germany.
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In Fig. 1b, we show typical in situ images of the resultant triangular 
patterns for the quantum ferrofluid with different numbers of droplets, 
Nd, ranging from two to ten. To analyse the average number of atoms 

per droplet, we count the number of droplets Nd in relation to the total 
number of atoms. Figure 1c indicates a linear dependence between Nd 
and the number of atoms, with a slope of 1,750(300) atoms per droplet. 
For Nd = 2, we observe a droplet distance of d = 3.0(4) µm. The droplets, 
which have a large effective dipole moment of Ndµ, strongly repel each 
other while the radial trapping applies a restoring force. Hence, the dis-
tance d can be calculated using a simplified one-dimensional classical 
system by minimizing the energy of the system.

We assume two strongly dipolar particles with 1,750 times the mass 
and magnetic moment of a Dy atom that are confined in a harmonic 
trap. For our experimental parameters, these particles minimize their 
energy with a distance of d = 3.3 µm, in agreement with the observed 
distance. For Nd > 2, the droplets arrange mostly in triangular struc-
tures, and form a microscopic crystal with a droplet distance of 
d = 2–3 µm. Owing to the isotropy of the repulsion between droplets 
in the radial plane, we expect the triangular configuration to have the 
lowest energy. Because of the repelling dipolar force between the drop-
lets, we observe in the radial direction nearly round, discrete droplets 
with possible weak overlap to neighbouring ones.

Comparing our quantum ferrofluid with a classical ferrofluid, very 
similar behaviour and patterns have been observed on a superhydro-
phobic surface3. In this classical-ferrofluid system, a single droplet 
first deforms as the external magnetic field increases, and then divides 
into two droplets when some critical field is reached. For a quantum 
ferrofluid, a single droplet should be unstable for a < add, owing to 
the attractive part of the dipolar interaction, and so should collapse. 
Although, the counteracting quantum pressure—the zero-point energy 
that exists as a result of an external trapping potential—can compen-
sate attraction and prevent collapse26, mean field calculations18 predict 
this not to be the case. Our observation of stable droplet ensembles 
is therefore striking, and further work is needed to understand their 
stability. A possible stabilizing effect is that of quantum fluctuations, 
leading to beyond mean-field effects27. Such stabilization has been sug-
gested in a similar situation of competing attraction and repulsion28, 
and an increased effect of quantum fluctuations has been calculated 
for strongly dipolar gases29.

As further quantitative statistical analysis, we computed the 
Fourier spectrum S(k) of the obtained images (Fig. 2a–c). The pat-
terns are visible as a local maximum in S(k) at finite momentum 
k = 2π/d ≈ 2.5 µm−1, whereas the spectrum of a BEC monotonically 
decreases with k. We define the spectral weight
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which is a quantity that represents the strength of the structured states, 
and normalize it such that a BEC has SWBEC = 1. After a quench of 
the interactions from a ≈ add to a ≈ abg, we statistically investigated the 
pattern-formation time and the lifetime of these patterns (Fig. 2d). We 
repeated this measurement 13 times and found statistically that the 
pattern is fully developed after 7 ms, and has a 1/e lifetime of about 
300 ms. The decay of the droplet structure is accompanied by a decrease 
in the number of atoms, with a 1/e lifetime of about 130 ms, while the 
residual thermal cloud is constant. Owing to the decreasing number 
of atoms, the structures evolve back to lower numbers of droplets, Nd, 
until they merge back into one droplet (insets of Fig. 2d). In compari-
son, because we measured lifetimes of a non-structured BEC of more 
than 5 s, we assume increased three-body losses as a reason for the 
reduced lifetime. One indication of this is the measured atomic peak 
density for droplets of n ! 5 × 1020 m−3, which is greater than the den-
sity of a BEC, n ≈ 1020 m−3.

To explore the nature of this instability, we performed the following 
experimental sequence, depicted in Fig. 3a. We prepared the BEC close 
to the Feshbach resonance with a ≈ add and ramped the magnetic field 
linearly to varying values near the instability point. We ensured that the 
structures were formed within 10 ms, even for values of the magnetic 
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Figure 1 | Growth of a microscopic droplet crystal. a, Schematic of the 
experimental procedure. We prepared a stable, strongly dipolar Dy BEC 
with a ≈ add in a pancake-shaped trap (left). By decreasing the scattering 
length a, we induced an instability close to a ≈ abg. Following this 
instability, the atoms clustered to droplets in a triangular pattern (right). 
b, Representative single samples of droplet patterns imaged in situ, with 
droplet numbers, Nd, ranging from two to ten. c, We used a set of 112 
realizations with different numbers of droplets and atoms for a statistical 
analysis. The plot shows the mean number of atoms as a function of the 
number of droplets Nd, with error bars indicating the standard deviation. 
The fitted linear relation (grey dashed line) has a slope of 1,750(300) atoms 
per droplet. This shows that increasing the number of atoms results in 
growth of the microscopic droplet crystal.

© 2016 Macmillan Publishers Limited. All rights reserved
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In Fig. 1b, we show typical in situ images of the resultant triangular 
patterns for the quantum ferrofluid with different numbers of droplets, 
Nd, ranging from two to ten. To analyse the average number of atoms 

per droplet, we count the number of droplets Nd in relation to the total 
number of atoms. Figure 1c indicates a linear dependence between Nd 
and the number of atoms, with a slope of 1,750(300) atoms per droplet. 
For Nd = 2, we observe a droplet distance of d = 3.0(4) µm. The droplets, 
which have a large effective dipole moment of Ndµ, strongly repel each 
other while the radial trapping applies a restoring force. Hence, the dis-
tance d can be calculated using a simplified one-dimensional classical 
system by minimizing the energy of the system.

We assume two strongly dipolar particles with 1,750 times the mass 
and magnetic moment of a Dy atom that are confined in a harmonic 
trap. For our experimental parameters, these particles minimize their 
energy with a distance of d = 3.3 µm, in agreement with the observed 
distance. For Nd > 2, the droplets arrange mostly in triangular struc-
tures, and form a microscopic crystal with a droplet distance of 
d = 2–3 µm. Owing to the isotropy of the repulsion between droplets 
in the radial plane, we expect the triangular configuration to have the 
lowest energy. Because of the repelling dipolar force between the drop-
lets, we observe in the radial direction nearly round, discrete droplets 
with possible weak overlap to neighbouring ones.

Comparing our quantum ferrofluid with a classical ferrofluid, very 
similar behaviour and patterns have been observed on a superhydro-
phobic surface3. In this classical-ferrofluid system, a single droplet 
first deforms as the external magnetic field increases, and then divides 
into two droplets when some critical field is reached. For a quantum 
ferrofluid, a single droplet should be unstable for a < add, owing to 
the attractive part of the dipolar interaction, and so should collapse. 
Although, the counteracting quantum pressure—the zero-point energy 
that exists as a result of an external trapping potential—can compen-
sate attraction and prevent collapse26, mean field calculations18 predict 
this not to be the case. Our observation of stable droplet ensembles 
is therefore striking, and further work is needed to understand their 
stability. A possible stabilizing effect is that of quantum fluctuations, 
leading to beyond mean-field effects27. Such stabilization has been sug-
gested in a similar situation of competing attraction and repulsion28, 
and an increased effect of quantum fluctuations has been calculated 
for strongly dipolar gases29.

As further quantitative statistical analysis, we computed the 
Fourier spectrum S(k) of the obtained images (Fig. 2a–c). The pat-
terns are visible as a local maximum in S(k) at finite momentum 
k = 2π/d ≈ 2.5 µm−1, whereas the spectrum of a BEC monotonically 
decreases with k. We define the spectral weight
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and normalize it such that a BEC has SWBEC = 1. After a quench of 
the interactions from a ≈ add to a ≈ abg, we statistically investigated the 
pattern-formation time and the lifetime of these patterns (Fig. 2d). We 
repeated this measurement 13 times and found statistically that the 
pattern is fully developed after 7 ms, and has a 1/e lifetime of about 
300 ms. The decay of the droplet structure is accompanied by a decrease 
in the number of atoms, with a 1/e lifetime of about 130 ms, while the 
residual thermal cloud is constant. Owing to the decreasing number 
of atoms, the structures evolve back to lower numbers of droplets, Nd, 
until they merge back into one droplet (insets of Fig. 2d). In compari-
son, because we measured lifetimes of a non-structured BEC of more 
than 5 s, we assume increased three-body losses as a reason for the 
reduced lifetime. One indication of this is the measured atomic peak 
density for droplets of n ! 5 × 1020 m−3, which is greater than the den-
sity of a BEC, n ≈ 1020 m−3.

To explore the nature of this instability, we performed the following 
experimental sequence, depicted in Fig. 3a. We prepared the BEC close 
to the Feshbach resonance with a ≈ add and ramped the magnetic field 
linearly to varying values near the instability point. We ensured that the 
structures were formed within 10 ms, even for values of the magnetic 
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Figure 1 | Growth of a microscopic droplet crystal. a, Schematic of the 
experimental procedure. We prepared a stable, strongly dipolar Dy BEC 
with a ≈ add in a pancake-shaped trap (left). By decreasing the scattering 
length a, we induced an instability close to a ≈ abg. Following this 
instability, the atoms clustered to droplets in a triangular pattern (right). 
b, Representative single samples of droplet patterns imaged in situ, with 
droplet numbers, Nd, ranging from two to ten. c, We used a set of 112 
realizations with different numbers of droplets and atoms for a statistical 
analysis. The plot shows the mean number of atoms as a function of the 
number of droplets Nd, with error bars indicating the standard deviation. 
The fitted linear relation (grey dashed line) has a slope of 1,750(300) atoms 
per droplet. This shows that increasing the number of atoms results in 
growth of the microscopic droplet crystal.
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Quantum-Fluctuation-Driven Crossover from a Dilute Bose-Einstein Condensate
to a Macrodroplet in a Dipolar Quantum Fluid
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In a joint experimental and theoretical effort, we report on the formation of a macrodroplet state in an
ultracold bosonic gas of erbium atoms with strong dipolar interactions. By precise tuning of the s-wave
scattering length below the so-called dipolar length, we observe a smooth crossover of the ground state
from a dilute Bose-Einstein condensate to a dense macrodroplet state of more than 2 × 104 atoms. Based
on the study of collective excitations and loss features, we prove that quantum fluctuations stabilize the
ultracold gas far beyond the instability threshold imposed by mean-field interactions. Finally, we perform
expansion measurements, showing that although self-bound solutions are prevented by losses, the interplay
between quantum stabilization and losses results in a minimal time-of-flight expansion velocity at a finite
scattering length.

DOI: 10.1103/PhysRevX.6.041039 Subject Areas: Atomic and Molecular Physics,
Quantum Physics

I. INTRODUCTION

The extraordinary success of ultracold quantum gases
largely stems from the simplicity with which the physics at
the many-body level can be controlled and described,
allowing access to a wide range of theoretical models of
general interest [1]. Notably, the actual many-body inter-
actions are often very well captured via simple mean-field
(MF) potentials, proportional to the local particle density n
and accounting for the average mutual effect of all
neighboring particles [1]. Moreover, short-ranged inter-
actions, even if complex or unknown, can be simply
accounted for via a contact potential and parametrized
by the sole s-wave scattering length as, which in turn can
be widely tuned by means of Feshbach resonances (FRs)
[2]. The MF treatment of a Bose gas leads to the celebrated
Gross-Pitaevskii equation (GPE) and Bogoliubov–de
Gennes (BdG) spectrum of collective modes, which are
very powerful in describing the physics of an ultracold
bosonic gas: its ground-state properties as a Bose-Einstein
condensate (BEC), as well as its dynamics [1].
Beyond the great achievements of dilute gases as a test

bed for MF theories, the quest for beyond-MF effects has
triggered great interest in the ultracold community. The

general question of how the many-body ground state of
bosons is modified by quantum fluctuations (QFs) of
elementary excitations was first addressed by Lee,
Huang, and Yang (LHY) in the 1950s [3]. The so-called
LHY term, which accounts for the first-order correction to
the condensate energy, scales for a contact-interacting gas
as asn

ffiffiffiffiffiffiffiffi
na3s

p
. While in the weakly interacting regime the

effect of QFs is negligible and difficult to isolate from MF
contributions, it can be sufficiently amplified by increasing
as via a FR. Based on this concept, recent experiments with
alkali have observed clear shifts of the BdG spectrum and
equation of state caused by the LHY term in strongly
interacting Fermi [4–6] and Bose gases [7,8].
While in these measurements the LHY correction does

not modify the qualitative behavior of the gas, it has been
recently pointed out [9] that, in systems with competing
interactions of different origin, the MF interaction can be
made small and the LHY term dominant, so that the latter
dictates the physics of the system, even inweakly interacting
gases. In this regime, a novel phase of matter is expected to
appear, namely, a liquidlike droplet state. For purely contact-
interacting gases, this situation is hard to realize since it
would require, for instance, Bose-Bose mixtures with
coincidental overlapping FRs [9]. In contrast, dipole-dipole
interaction (DDI) genuinely offers this possibility in a
single-component atomic gas by competing with the iso-
tropic MF contact interaction [10,11]. In the pure MF
picture, a paradigm of the competition between DDI and
contact interaction is embodied by the ability of quenching a
dipolar BEC to collapse by varying εdd ¼ add=as, where

*Francesca.Ferlaino@uibk.ac.at

Published by the American Physical Society under the terms of
the Creative Commons Attribution 3.0 License. Further distri-
bution of this work must maintain attribution to the author(s) and
the published article’s title, journal citation, and DOI.

PHYSICAL REVIEW X 6, 041039 (2016)

2160-3308=16=6(4)=041039(10) 041039-1 Published by the American Physical Society

To reach the λ ≪ 1 regime, we slowly modify, in the
last step of the evaporation, the confining potential to the
final cigar shape, with typical frequencies ðνx; νy; νzÞ ¼
½156ð1Þ; 17.2ð4Þ; 198ð2Þ% Hz. Simultaneously, we decrease
B to 0.8 G [as ¼ 67ð2Þa0] and then change the magnetic-
field orientation to the weak trapping axis (y) while keeping
its amplitude constant [30]. Finally, we ramp B to the
desired target value (and equivalently as) in tr [30], hold for
a time th, and perform absorption imaging of our gas after a
time-of-flight (TOF) of tTOF. Two imaging setups are used
in order to measure the density distribution integrated either
along the dipoles (∥ imaging) or perpendicular to them
(⊥ imaging) [30]. Figure 1 (lower inset) illustrates the final
geometry of our system with ν∥ ¼ νy, ν⊥ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðν2x þ ν2zÞ=2

p
,

giving λ ¼ 0.097ð3Þ, and defines the relevant axes.
Here, we explore the properties of the system when the

repulsive MF contact interaction is weakened enough to be
overcome by the DDI (λ ≪ 1, εdd > 1), after adiabatically
changing (tr ≥ 45 ms) or quenching (tr ¼ 10 ms) as to its
target value [30]. For tr ≥ 45 ms, the system evolves
following its ground state and gives access to the slow
dynamics, whereas for the tr ¼ 10 ms case, we can probe
the fast dynamics and study the relaxation towards an
equilibrium. The key question is whether QFs protect the
system from collapsing. Indeed, in this regime, the MF
treatment would imply that the attractive BEC becomes
unstable, leading to a twofold dramatic consequence [1].
First, some modes of the BdG spectrum acquire complex
frequencies. Second, in a trap, the density distribution of
the cloud undergoes a marked change on short time scales
(≤1=ν⊥), described as a “collapse”, which can develop into
a rapid loss of coherence [12,31], and pattern formations,
such as anisotropic atom bursts (“bosenova”) and special
d-wave-type structures, as observed in rubidium [32] and
dipolar gases of chromium [12,13], respectively. This fast
dynamics has been proved to be well encompassed by GPE
simulation [13,14,33].

III. DENSITY DISTRIBUTION

In a first set of experiments, we study the stability of
our dipolar Er BEC by probing the evolution of the
TOF density distribution for different as. Figures 2(a)–2(c)
show the absorption images acquired with ∥ imaging
[Figs. 2(a)–2(c)] and the corresponding central cuts
(x ¼ 0) of the 2D column density profiles [Fig. 2(d)]. In
striking contrast to the MF predictions, we observe that the
system remains stable for as well below add, with a central
coherent core surviving for times much longer than 1=ν⊥
(from several tens to hundreds of ms). The density distribu-
tion does not exhibit any special patterns,which is typical of a
collapsing cloud [12,13,32].
For as > add [Fig. 2(a)], the density distribution of the

gas shows good agreement with the MF Thomas-Fermi
(TF) profile on top of a broad Gaussian distribution,

accounting for the thermal atoms; see Fig. 2(d), dashed
lines. When lowering as below add [Fig. 2(b)], we observe a
sharpening of the central core, whose profile starts to
deviate from the MF-TF shape (see Ref. [30] for a
quantitative description). When decreasing as even further
[Fig. 2(c)], a similar bimodal structure holds on although
the dense core loses atoms. Because of the high density
reached, three-body (3B) collisions regulate the lifetime of
the central core; see discussion below and Ref. [23]. We
note that we observe a similar qualitative behavior of the
density distribution when using an adiabatic ramp of as.
However, the importance of the central peak is reduced as,
in this case, losses already set in during the ramp.
In contrast with the behavior of the central core, the

distribution of the thermal atoms, encompassed by the
broad Gaussian function of the bimodal fits [see Fig. 2(d),
dotted lines], remains mainly unaffected by the change of
as, highlighting an absence of significant heating and
population transfer, and thus an apparent decoupling of
the evolution of the coherent and thermal parts.
For further analysis, we fit the data to a bimodal

distribution made of the sum of two Gaussian functions,
as it offers a smaller residue than the fit to the MF-TF
distribution for as ≲ 70a0; see Fig. 2(d). We note that the
beyond-MF effects on the density profile are expected to be
more sophisticated than a Gaussian shaping. However,
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FIG. 2. Density profiles in the BEC-to-droplet crossover.
(a)–(c) 2D column density distributions probed with ∥ imaging
and (d) corresponding central cuts along the x ¼ 0 line (dots) for
tr ¼ 10 ms, th ¼ 6 ms (>1=ν⊥), and different as (see legend).
Each distribution is obtained by averaging four absorption images
taken after tTOF ¼ 27 ms. In (d), the lines show the central cuts of
the 2D bimodal fit results, the solid (dashed) lines showing the
two-Gaussian (MF-TF plus Gaussian) distributions and the
dotted lines the corresponding broad thermal Gaussian part.
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add ¼ μ0μ2m=12πℏ2 is a characteristic length set by the
DDI, with m the mass and μ the magnetic moment of the
atoms [12,13]. Here, ℏ stands for the reduced Planck
constant and μ0 for the vacuum permeability. In general,
because of the special geometrical tunability of DDIwith the
external trapping potential and dipole orientation, the
stability and phase diagram remarkably depend on
λ ¼ ν∥=ν⊥, where ν∥ (ν⊥) is the trapping frequency along
(perpendicular to) the dipole orientation [11,12,14].
In parallel, recent breakthrough experiments with an

oblate dysprosium (Dy) dipolar BEC (λ > 1) have shown
that when quenching up εdd, the system, instead of collaps-
ing, forms a metastable state of several small droplets
[15,16]. This observation has triggered an intense debate
on the nature of such a state and its underlying stabilization
mechanism [17–23]. Eventually, Dy experiments indicated
QFs as the origin of the stabilization [16], which were
quickly confirmed by theoretical works [20–22].
Furthermore, these theoretical studies highlight the richness
of the dipolar-gas phase diagram, in which a dilute-BEC, a
multidroplet, and a single-droplet phase are found for
distinct as, add, atom number N, and λ. Up to now, droplet
physics has only been investigated in a single setup, using
Dy BEC and exploring a specific region of the phase
diagram: In the considered pancake geometry (λ > 1),
multiple stable solutions—single droplet or multidroplet—
coexist, resulting in the formation of variable mesoscopic
assemblies of a small droplet in the experiments.
In the present work, we (i) demonstrate the generality of

droplet physics, by using a dipolar BECof erbium (Er) atoms
[24], (ii) quantitatively investigate the specific role played by
QFs in dipolar systems, and (iii) explore a pristine region of
the phase diagram, studying a cigar-shaped geometry
(λ ≪ 1), and observe the crossover from a dilute BEC to a
singlemacrodroplet statewhen increasing εdd, as predicted in
Refs. [21,22].Given the complexity of the physics at play,we
combine distinctmeasurements, based on the observations of
the density distributions, collectives excitations, expansion
dynamics, and lifetime of the dipolar quantum gas, which
together offer a comprehensive picture of droplet physics.
The exquisite control of the scattering length gained in our
experiment, together with a direct comparison to parameter-
free simulations includingQF effects, ultimately enable us to
depict in which way QFs dictate the physics at play, beyond
proving their crucial stabilizing role.

II. EXPERIMENTAL PROCEDURES

The atomic properties of Er offer a privileged platform to
explore a variety of interaction scenarios. Besides its
strongly magnetic character and its many FRs [25], Er
has several stable isotopes. This feature adds an important
flexibility in terms of the choice of the background as [26].
In our early work on Er BECs, we employed the 168Er
isotope, which has a background as about twice as large as
the dipolar length, add ¼ 65a0 [27,28].

In the work reported here, we produce and use a BEC of
166Er in the lowest internal state. This isotope provides us
with two major advantages. First, its background as is
comparable to its dipolar length, add ¼ 65.5a0, realizing
εdd ¼ add=as ≈ 1 without the need of Feshbach tuning.
Second, 166Er features a very convenient FR at ultralow
magnetic-field valuesB. To preciselymapas as a function of
B, we use a spectroscopic technique based on the measure-
ment of the energy gap of the Mott insulator state in a deep
three-dimensional optical lattice [28,29]. A detailed descrip-
tion is given in the Supplemental Material [30]. Between 0
and 3 G, we observe a smooth variation of as, which results
from two low-lying FRs whose centers are fitted to 0.05(5)
and 3.0(1) G, respectively; see Fig. 1. This feature gives easy
access into the εdd > 1 regime, allowing variation of εdd
from 0.70(2) to 1.58(18) by changing B from 2.5 to 0.15 G;
see Fig. 1 upper inset. By fitting our data [2], we extract
asðBÞ valid for B in the [0.15, 2.5]-G range, which we use
throughout this paper [30].
We achieve Bose-Einstein condensation of 166Er using

an all-optical scheme very similar to Ref. [27] with cooling
parameters optimized for 166Er [30]. In short, we drive
forced evaporative cooling at a magnetic field B ¼ 1.9 G,
corresponding to as ¼ 81ð2Þa0 [εdd ¼ 0.81ð2Þ]. In this
phase, B is oriented along the vertical z axis. At the end
of the evaporation, we obtain a BEC of N ¼ 1.2 × 105

atoms with a condensed fraction above 80%.
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FIG. 1. Scattering length in 166Er. as as a function of B. The data
points (circles) are extracted from spectroscopic measurements in a
lattice-confined gas and the solid line is a fit to the data with its
statistical uncertainty (gray shaded region [30]). Upper inset:
Zoom-in of εdd as a function of B. The gray dashed line marks
εdd ¼ 1; see also the other figures. The lower inset illustrates the
geometry of our experimental setup, the relevant axes (x, y, z), the
optical-dipole-trap beam (shaded region), the magnetic field
orientation (green arrow) along which the dipoles are aligned,
and the ∥- and ⊥-imaging view axes (blue arrows). The dashed
lines picture the small angles of these axes to y and z [30].
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Dipolar Bose-Einstein condensate: quantum filaments 

Quantum filaments in dipolar Bose-Einstein condensates

F. Wächtler and L. Santos
Institut für Theoretische Physik, Leibniz Universität Hannover, Appelstr. 2, DE-30167 Hannover, Germany

Collapse in dipolar Bose-Einstein condensates may be arrested by quantum fluctuations. Due to
the anisotropy of the dipole-dipole interactions, the dipole-driven collapse induced by soft excitations
is compensated by the repulsive Lee-Huang-Yang contribution resulting from quantum fluctuations
of hard excitations, in a similar mechanism as that recently proposed for Bose-Bose mixtures. The
arrested collapse results in self-bound filament-like droplets, providing an explanation to recent dys-
prosium experiments. Arrested instability and droplet formation are novel general features directly
linked to the nature of the dipole-dipole interactions, and should hence play an important role in
all future experiments with strongly dipolar gases.

PACS numbers:

Dipole-dipole interactions (DDI) lead to qualitatively
new physics for dipolar gases compared to non-dipolar
ones [1, 2]. As a result, this physics constitute the fo-
cus of a large interest, including experiments on mag-
netic atoms [3–6], polar molecules [7–10], and Rydberg-
dressed atoms [11]. A characteristic feature of dipo-
lar Bose-Einstein condensates (BECs) is their geometry-
dependent stability [12]. If the condensate is elongated
along the dipole orientation, the DDI are attractive in
average, and the BEC may become unstable, in a simi-
lar, but not identical, way as a BEC with negative s-wave
scattering length, a < 0. Chromium experiments showed
that, as for a < 0, the unstable BEC collapses, albeit
with a peculiar d-wave post-collapse dynamics [13].

This picture has been challenged by recent dysprosium
experiments [14], in which destabilization, induced by a
quench to a su�ciently low a, is not followed by collapse,
but rather by the formation of stable droplets that are
only destroyed in a large time scale by weak three-body
losses (3BL). This surprising result, which resembles the
Rosensweig instability in ferrofluids [15, 16], points to an
up to now unknown stabilization mechanism that plays
a similar role as that of surface tension in classical fer-
rofluids. It has been recently suggested that large con-
servative three-body forces, with a strength several or-
ders of magnitude larger than the 3BL, may account for
the observation [17, 18]. There is however no justifica-
tion of why large three-body forces should be present, or
whether there is a link between them and the DDI.

This Letter explores an alternative mechanism, based
on quantum fluctuations, which is suggested by very
recent experiments [19]. As recently shown [20], Lee-
Huang-Yang (LHY) corrections may stabilize droplets
in unstable Bose-Bose mixtures. This interesting e↵ect
results from the presence of soft and hard elementary
excitations. Whereas soft modes may become unstable,
quantum fluctuations of the hard modes may balance the
instability, resulting in an equilibrium droplet. As shown
below, due to the anisotropy of the DDI, a dipolar BEC
also presents soft and hard modes, characterized in free
space by momenta perpendicular or parallel to the dipole

(a)! (b)!

FIG. 1: (Color online) Crystal-like droplet arrangements of
n

XY

(x, y)/N , with n

XY

(x, y) =
R
dz n(r), for a BEC of

N=7500 atoms (top), and 15000 atoms (bottom), initially
formed with a = 120a

B

, 20ms after a quench to a = 70a
B

.

orientation. As a result, the LHY correction resulting
from the hard modes provides a repulsive term that domi-
nates at large densities arresting local collapses, resulting
in the nucleation of droplets (see Figs. 1). We show by
means of a generalized nonlocal non-linear Schrödinger
equation (NLNLSE) that this mechanism accounts for
the Dy experiments. We stress that this e↵ect results
from the peculiar nature of the DDI, being hence a char-
acteristic novel feature of strongly dipolar gases, which
should play an important role in future experiments with
highly magnetic atoms and polar molecules.

Generalized NLNLSE– We consider a BEC of mag-
netic dipoles of mass m and dipole moment µ oriented
along the z direction by an external magnetic field (equiv-
alent results can be found for electric dipoles). In mean-
field (MF), the physics is given by the NLNLSE [1]:

i~ ̇(r) =

�~2r2

2m
+ V (r) + g| (r)|2 + �(r)

�
 (r), (1)

with  (r) the BEC wavefunction, V (r) the trapping po-

tential, g = 4⇡~2
a

m

, and �(r) =
R
d3r0V

dd

(r� r0)| (r0)|2,
with V

dd

(r) = µ0|µ|2
4⇡r3 (1�3 cos2 ✓), where µ0 is the vacuum

permittivity, and ✓ is the angle between r and µ.
In the homogeneous case, V (r) = 0 with density n, el-

ementary excitations with momentum k have an energy
E(k) =

p
✏
k

(✏
k

+ 2gnf(✏
dd

, ✓
k

)), where ✏
k

= ~2
k

2

2m , and
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2

f(✏
dd

, ✓
k

) = 1+ ✏
dd

(3 cos2 ✓
k

� 1), with ✏
dd

= µ0|µ|2
3g , and

✓
k

the angle between k and µ. Due to the anisotropy of
the DDI, excitations with cos2 ✓

k

> 1/3 become harder
with growing ✏

dd

, whereas those with cos2 ✓
k

< 1/3 be-
come softer. For ✏

dd

> 1, long wave-length excitations
with ✓

k

= ⇡/2 drive the BEC unstable. Quantum fluc-
tuations of the excitations result in the LHY correction
of the chemical potential [21, 22]:

�µ(n, ✏
dd

) =
32

3
p
⇡
gn

p
na3F (✏

dd

), (2)

with F (✏
dd

) = 1
2

R
d✓

k

sin ✓
k

f(✏
dd

, ✓
k

)5/2. In the vicinity
of the instability, ✏

dd

⇠ 1, the overwhelming contribution
to F (✏

dd

) stems from hard modes (cos2 ✓
k

> 1/3). Cru-
cially, this is true even when the BEC becomes unstable.
This situation, with unstable soft modes and LHY cor-
rection dominated by stable hard modes, resembles the
recently discussed case of Bose-Bose mixtures [20]. As for
that scenario, the contribution of the unstable soft modes
is negligible for ✏

dd

⇠ 1, and quantum fluctuations of the
hard modes result in a repulsive LHY correction / n3/2.
Let us consider at this point a harmonically trapped

BEC, V (r) = 1
2m(!2

x

x2+!2
y

y2+!2
z

z2). The treatment of
beyond MF corrections is in general much more involved.
In the Thomas-Fermi (TF) regime one may evaluate the
e↵ect of quantum fluctuations by treating the excitations
quasi-classically and employing local density approxima-
tion (LDA), obtaining a corrected equation of state [21,
22]: µ(n(r)) = V (r)+µ0(n(r), ✏dd)+�µ(n(r), ✏

dd

), with
µ0(n(r), ✏dd) = gn(r) +

R
d3r0V

dd

(r � r0)n(r0). One may
then insert this correction in a generalized NLNLSE:

i~ ̇(r)=
h
Ĥ0+µ0(n(r), ✏dd)+�µ(n(r), ✏

dd

)
i
 (r), (3)

with Ĥ0 ⌘ �~2r2

2m + V (r). This equation is appealing
since it allows for a simplified analysis of the e↵ects of
quantum fluctuations in the TF regime, and because it
may be simulated using the same numerical techniques
employed for Eq. (1) [1, 23]. However the use of the LDA
to evaluate the e↵ects of quantum fluctuations in quench
experiments must be carefully considered. The droplets
discussed below are in the TF regime along the dipole di-
rection in all cases, whereas only large droplets are in the
TF regime also along xy. For small droplets, with less
than 4000 atoms in the calculations below, the xy den-
sity profile approaches rather a Gaussian. We may eval-
uate the contribution of quasi-classical excitations with
momenta k, such that |k|R(✓

k

) � 1 where R(✓
k

) is a
typical distance for density variation in the droplet along
the direction given by the angle ✓

k

. This contribution
is for the smallest droplets presented below of the or-
der of ⇠ 80% of the total LHY correction expected from
LDA (for details of this estimation see [24]). The cor-
rection due to long wave-length modes may hence mod-
ify the prefactor of the correction, but the bulk of the

e↵ect is well recovered by Eq. (3). We postpone for a
future analysis the detailed study of the e↵ect of long
wavelength excitations. In addition, the validity of the
generalized NLNLSE demands a small quantum deple-
tion [21, 22], ⌘(r) ⌘ �n(r)

n(r) = 8
3
p
⇡

p
n(r)a3F

D

(✏
dd

), with

F
D

(✏
dd

) = 1
2

R
d✓

k

sin ✓
k

f(✏
dd

, ✓
k

)3/2. In our simulations,
⌘(r) . 0.01 at any point and time.

Droplet nucleation– In the following we employ
Eq. (3) to study the formation of BEC droplets in re-
cent Dy experiments [14]. We consider a BEC with N Dy
atoms, with |µ| = 10µ

B

, with µ
B

the Bohr magneton. In
order to compare our results with recent experiments we
assume a trap with !

x,y,z

/2⇡ = (44, 46, 133)Hz [25]. We
employ imaginary time evolution of Eq. (3) to form an
initial BEC with a = 120a

B

, with a
B

the Bohr radius.
Under these conditions the BEC, with a wavefunction
 0(r), is stable and in the TF regime. At finite temper-
ature, T , thermal fluctuations seed the modulational in-
stability after the quench of a discussed below, and may
hence influence droplet nucleation. Following Ref. [18]
we add thermal fluctuations (for T = 20nK) in the form
 (r, t = 0) =  0(r)+

P
n

↵
n

�
n

, where �
n

are eigenmodes
of the harmonic trap with eigenenergies ✏

n

, the sum is
restricted to ✏

n

< 2k
B

T , and ↵
n

is a complex Gaussian
random variable with h|↵

n

|2i = 1
2 +(e✏n/kBT � 1)�1 [26].

At t = 0 we perform a quench in 0.5ms to a final
a = 70a

B

that destabilizes the BEC [27]. The most
unstable Bogoliubov mode has a non-zero angular mo-
mentum, a so-called angular roton [28], and as a result
at T = 0 the BEC develops an initial ring-like modula-
tional instability on the xy plane, followed by azimuthal
symmetry breaking into droplets. At finite T droplets
may nucleate from thermal fluctuations before the ring-
like structure associated with the angular-roton insta-
bility develops (as it is observed in experiments [29]).
Both cases are characterized by the formation of sta-
ble droplets in few ms, which eventually arrange in a
quasi-crystalline structure as those of Figs. 1, in excel-
lent agreement with the experimental results of Ref. [14].
Droplet nucleation does not involve however the whole
condensate. A significant amount of atoms remains in a
halo-like background too dilute to gather particles into a
stable droplet (approximately 30% in Figs. 1, although
it is barely visible due to the contrast).

Droplet features – The droplets result from the com-
pensation of the attractive MF term µ0 / n(r) by the
e↵ective repulsion introduced by the LHY term, �µ /
n(r)3/2. In order to study the properties of individ-
ual droplets, we evolve Eq. (3) in imaginary time for
a = 70a

B

and di↵erent particle numbers. In order to
guarantee the controlled formation of a single droplet in
the numerics, we employ as initial condition for the imag-
inary time evolution a cigar-like Gaussian wavefunction
at the trap center very compressed on the xy plane [30] .

Figure 2 shows the droplet energy, E
D

, as a function of

 Non-linear non-local Schroedinger equation 
(modified Gross-Pitaevskii equation) 

 Stability due to Lee-Huang-Yang (LHY) corrections  

 LHY has a repulsive correction (~n3/2) 

  No Three-Body losses see also Baillie et al. 2016



Dipolar Bose-Einstein condensate: quantum filaments 

Quantum filaments in dipolar Bose-Einstein condensates

F. Wächtler and L. Santos
Institut für Theoretische Physik, Leibniz Universität Hannover, Appelstr. 2, DE-30167 Hannover, Germany

Collapse in dipolar Bose-Einstein condensates may be arrested by quantum fluctuations. Due to
the anisotropy of the dipole-dipole interactions, the dipole-driven collapse induced by soft excitations
is compensated by the repulsive Lee-Huang-Yang contribution resulting from quantum fluctuations
of hard excitations, in a similar mechanism as that recently proposed for Bose-Bose mixtures. The
arrested collapse results in self-bound filament-like droplets, providing an explanation to recent dys-
prosium experiments. Arrested instability and droplet formation are novel general features directly
linked to the nature of the dipole-dipole interactions, and should hence play an important role in
all future experiments with strongly dipolar gases.

PACS numbers:

Dipole-dipole interactions (DDI) lead to qualitatively
new physics for dipolar gases compared to non-dipolar
ones [1, 2]. As a result, this physics constitute the fo-
cus of a large interest, including experiments on mag-
netic atoms [3–6], polar molecules [7–10], and Rydberg-
dressed atoms [11]. A characteristic feature of dipo-
lar Bose-Einstein condensates (BECs) is their geometry-
dependent stability [12]. If the condensate is elongated
along the dipole orientation, the DDI are attractive in
average, and the BEC may become unstable, in a simi-
lar, but not identical, way as a BEC with negative s-wave
scattering length, a < 0. Chromium experiments showed
that, as for a < 0, the unstable BEC collapses, albeit
with a peculiar d-wave post-collapse dynamics [13].

This picture has been challenged by recent dysprosium
experiments [14], in which destabilization, induced by a
quench to a su�ciently low a, is not followed by collapse,
but rather by the formation of stable droplets that are
only destroyed in a large time scale by weak three-body
losses (3BL). This surprising result, which resembles the
Rosensweig instability in ferrofluids [15, 16], points to an
up to now unknown stabilization mechanism that plays
a similar role as that of surface tension in classical fer-
rofluids. It has been recently suggested that large con-
servative three-body forces, with a strength several or-
ders of magnitude larger than the 3BL, may account for
the observation [17, 18]. There is however no justifica-
tion of why large three-body forces should be present, or
whether there is a link between them and the DDI.

This Letter explores an alternative mechanism, based
on quantum fluctuations, which is suggested by very
recent experiments [19]. As recently shown [20], Lee-
Huang-Yang (LHY) corrections may stabilize droplets
in unstable Bose-Bose mixtures. This interesting e↵ect
results from the presence of soft and hard elementary
excitations. Whereas soft modes may become unstable,
quantum fluctuations of the hard modes may balance the
instability, resulting in an equilibrium droplet. As shown
below, due to the anisotropy of the DDI, a dipolar BEC
also presents soft and hard modes, characterized in free
space by momenta perpendicular or parallel to the dipole

(a)! (b)!

FIG. 1: (Color online) Crystal-like droplet arrangements of
n

XY

(x, y)/N , with n

XY

(x, y) =
R
dz n(r), for a BEC of

N=7500 atoms (top), and 15000 atoms (bottom), initially
formed with a = 120a

B

, 20ms after a quench to a = 70a
B

.

orientation. As a result, the LHY correction resulting
from the hard modes provides a repulsive term that domi-
nates at large densities arresting local collapses, resulting
in the nucleation of droplets (see Figs. 1). We show by
means of a generalized nonlocal non-linear Schrödinger
equation (NLNLSE) that this mechanism accounts for
the Dy experiments. We stress that this e↵ect results
from the peculiar nature of the DDI, being hence a char-
acteristic novel feature of strongly dipolar gases, which
should play an important role in future experiments with
highly magnetic atoms and polar molecules.

Generalized NLNLSE– We consider a BEC of mag-
netic dipoles of mass m and dipole moment µ oriented
along the z direction by an external magnetic field (equiv-
alent results can be found for electric dipoles). In mean-
field (MF), the physics is given by the NLNLSE [1]:

i~ ̇(r) =

�~2r2

2m
+ V (r) + g| (r)|2 + �(r)

�
 (r), (1)

with  (r) the BEC wavefunction, V (r) the trapping po-

tential, g = 4⇡~2
a

m

, and �(r) =
R
d3r0V

dd

(r� r0)| (r0)|2,
with V

dd

(r) = µ0|µ|2
4⇡r3 (1�3 cos2 ✓), where µ0 is the vacuum

permittivity, and ✓ is the angle between r and µ.
In the homogeneous case, V (r) = 0 with density n, el-

ementary excitations with momentum k have an energy
E(k) =

p
✏
k

(✏
k

+ 2gnf(✏
dd

, ✓
k

)), where ✏
k

= ~2
k

2

2m , and
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2

f(✏
dd

, ✓
k

) = 1+ ✏
dd

(3 cos2 ✓
k

� 1), with ✏
dd

= µ0|µ|2
3g , and

✓
k

the angle between k and µ. Due to the anisotropy of
the DDI, excitations with cos2 ✓

k

> 1/3 become harder
with growing ✏

dd

, whereas those with cos2 ✓
k

< 1/3 be-
come softer. For ✏

dd

> 1, long wave-length excitations
with ✓

k

= ⇡/2 drive the BEC unstable. Quantum fluc-
tuations of the excitations result in the LHY correction
of the chemical potential [21, 22]:

�µ(n, ✏
dd

) =
32

3
p
⇡
gn

p
na3F (✏

dd

), (2)

with F (✏
dd

) = 1
2

R
d✓

k

sin ✓
k

f(✏
dd

, ✓
k

)5/2. In the vicinity
of the instability, ✏

dd

⇠ 1, the overwhelming contribution
to F (✏

dd

) stems from hard modes (cos2 ✓
k

> 1/3). Cru-
cially, this is true even when the BEC becomes unstable.
This situation, with unstable soft modes and LHY cor-
rection dominated by stable hard modes, resembles the
recently discussed case of Bose-Bose mixtures [20]. As for
that scenario, the contribution of the unstable soft modes
is negligible for ✏

dd

⇠ 1, and quantum fluctuations of the
hard modes result in a repulsive LHY correction / n3/2.
Let us consider at this point a harmonically trapped

BEC, V (r) = 1
2m(!2

x

x2+!2
y

y2+!2
z

z2). The treatment of
beyond MF corrections is in general much more involved.
In the Thomas-Fermi (TF) regime one may evaluate the
e↵ect of quantum fluctuations by treating the excitations
quasi-classically and employing local density approxima-
tion (LDA), obtaining a corrected equation of state [21,
22]: µ(n(r)) = V (r)+µ0(n(r), ✏dd)+�µ(n(r), ✏

dd

), with
µ0(n(r), ✏dd) = gn(r) +

R
d3r0V

dd

(r � r0)n(r0). One may
then insert this correction in a generalized NLNLSE:

i~ ̇(r)=
h
Ĥ0+µ0(n(r), ✏dd)+�µ(n(r), ✏

dd

)
i
 (r), (3)

with Ĥ0 ⌘ �~2r2

2m + V (r). This equation is appealing
since it allows for a simplified analysis of the e↵ects of
quantum fluctuations in the TF regime, and because it
may be simulated using the same numerical techniques
employed for Eq. (1) [1, 23]. However the use of the LDA
to evaluate the e↵ects of quantum fluctuations in quench
experiments must be carefully considered. The droplets
discussed below are in the TF regime along the dipole di-
rection in all cases, whereas only large droplets are in the
TF regime also along xy. For small droplets, with less
than 4000 atoms in the calculations below, the xy den-
sity profile approaches rather a Gaussian. We may eval-
uate the contribution of quasi-classical excitations with
momenta k, such that |k|R(✓

k

) � 1 where R(✓
k

) is a
typical distance for density variation in the droplet along
the direction given by the angle ✓

k

. This contribution
is for the smallest droplets presented below of the or-
der of ⇠ 80% of the total LHY correction expected from
LDA (for details of this estimation see [24]). The cor-
rection due to long wave-length modes may hence mod-
ify the prefactor of the correction, but the bulk of the

e↵ect is well recovered by Eq. (3). We postpone for a
future analysis the detailed study of the e↵ect of long
wavelength excitations. In addition, the validity of the
generalized NLNLSE demands a small quantum deple-
tion [21, 22], ⌘(r) ⌘ �n(r)

n(r) = 8
3
p
⇡

p
n(r)a3F

D

(✏
dd

), with

F
D

(✏
dd

) = 1
2

R
d✓

k

sin ✓
k

f(✏
dd

, ✓
k

)3/2. In our simulations,
⌘(r) . 0.01 at any point and time.

Droplet nucleation– In the following we employ
Eq. (3) to study the formation of BEC droplets in re-
cent Dy experiments [14]. We consider a BEC with N Dy
atoms, with |µ| = 10µ

B

, with µ
B

the Bohr magneton. In
order to compare our results with recent experiments we
assume a trap with !

x,y,z

/2⇡ = (44, 46, 133)Hz [25]. We
employ imaginary time evolution of Eq. (3) to form an
initial BEC with a = 120a

B

, with a
B

the Bohr radius.
Under these conditions the BEC, with a wavefunction
 0(r), is stable and in the TF regime. At finite temper-
ature, T , thermal fluctuations seed the modulational in-
stability after the quench of a discussed below, and may
hence influence droplet nucleation. Following Ref. [18]
we add thermal fluctuations (for T = 20nK) in the form
 (r, t = 0) =  0(r)+

P
n

↵
n

�
n

, where �
n

are eigenmodes
of the harmonic trap with eigenenergies ✏

n

, the sum is
restricted to ✏

n

< 2k
B

T , and ↵
n

is a complex Gaussian
random variable with h|↵

n

|2i = 1
2 +(e✏n/kBT � 1)�1 [26].

At t = 0 we perform a quench in 0.5ms to a final
a = 70a

B

that destabilizes the BEC [27]. The most
unstable Bogoliubov mode has a non-zero angular mo-
mentum, a so-called angular roton [28], and as a result
at T = 0 the BEC develops an initial ring-like modula-
tional instability on the xy plane, followed by azimuthal
symmetry breaking into droplets. At finite T droplets
may nucleate from thermal fluctuations before the ring-
like structure associated with the angular-roton insta-
bility develops (as it is observed in experiments [29]).
Both cases are characterized by the formation of sta-
ble droplets in few ms, which eventually arrange in a
quasi-crystalline structure as those of Figs. 1, in excel-
lent agreement with the experimental results of Ref. [14].
Droplet nucleation does not involve however the whole
condensate. A significant amount of atoms remains in a
halo-like background too dilute to gather particles into a
stable droplet (approximately 30% in Figs. 1, although
it is barely visible due to the contrast).

Droplet features – The droplets result from the com-
pensation of the attractive MF term µ0 / n(r) by the
e↵ective repulsion introduced by the LHY term, �µ /
n(r)3/2. In order to study the properties of individ-
ual droplets, we evolve Eq. (3) in imaginary time for
a = 70a

B

and di↵erent particle numbers. In order to
guarantee the controlled formation of a single droplet in
the numerics, we employ as initial condition for the imag-
inary time evolution a cigar-like Gaussian wavefunction
at the trap center very compressed on the xy plane [30] .

Figure 2 shows the droplet energy, E
D

, as a function of

 Non-linear non-local Schroedinger equation 
(modified Gross-Pitaevskii equation) 

 Stability due to Lee-Huang-Yang (LHY) corrections  

 LHY has a repulsive correction (~n3/2) 

  No Three-Body losses see also Baillie et al. 2016

Beyond Mean-field approaches 
applied so far: QMC

Sampling fundamental properties like 
condensation and superfluidity at finite 
temperature. 

High density & and strong interaction 
regimes  

Studying of quantum many-body 
phases    

 



hOi = TrO e��H

Tr e��H

• Energy 

• Superfluidity  

• Condensation 

• Correlations & dynamical properties  

• Structural properties 

• …
� =

1

kBT

Density matrix  
coordinate representation

~r1
~r2

~rN

… …

~r 0
N

~r 0
1

~r 0
2

= hR| e��H |R0i

Many-body approach: density matrix

Ceperley RMP 1995

= hR| e��H |R0i= hR| e��H |R0i



Z ≈  ∑  ∏ 
over all 
states{ }

m=1

M
e-T e-V

Partition function



Z(N,V, T ) =

Z
dR ⇢(R,R,�)

=

Z
· · ·

Z MY

m=1

dRm ⇢free (Rm,Rm+1, ⌧) e
�⌧U(Rm,Rm+1)

PF of a classical system of polymers. Every polymer is a 
necklace of beads connected by springs  

Famous mapping from quantum to classical system 
proposed by Feynman (see superfluidity in 4He)

The mean square displacement of the polymer’s beads is 
of the order of the de Broglie thermal wave length 

�dB =
p
4⇡��

Partition function



R1 R2 . . . RMRMX = ( )
System configurations:

M⌧ = �� ⌘ 0 1⌧ 2⌧ . . .

~ri(1⌧)

~ri(0)

~ri(�)

~ri(2⌧)

world line i

bead at ~rj(k⌧)

Rk = (~r1(k⌧),~r2(k⌧), . . . ,~rn(k⌧))
time slice k



R1 R2 . . . RMRMX = ( )
System configurations:

M⌧ = �� ⌘ 0 1⌧ 2⌧ . . .

~ri(1⌧)

~ri(0)

~ri(�)

~ri(2⌧)

world line i

bead at ~rj(k⌧)

Rk = (~r1(k⌧),~r2(k⌧), . . . ,~rn(k⌧))
time slice k

Strategy
Efficiently evaluation of integrals in           
dNM dimension.  

Stochastic non-uniform sampling  
(importance sampling) 

Statistical errors:  
 

�O /
s

Var(O)

#measure



Z  =    Zd    +   Zoff-d 

The configuration space is generalised from the partition function to the 
Matsubara-Green function 

 ̂(~r, ⌧)  ̂†(~r, ⌧) annihilation/creation operators 
Sampling the permutation space (cont’d)

Z-sector
diagonal configurations

G-sector
off-diagonal configurations

G(~r1,~r2, t) = hT { ̂(~r1, t) ̂†(~r2, 0)}i ⌘
g(~r1,~r2, t)

Z

Worm algorithm



Z =     Z   +  Zoff-d 

Sampling the permutation space (cont’d)

Z-sector G-sector

One opens path with two dangling ends (worm)

Sampling the many-particle paths in Z- and G-sectors

in G-sector: a simple set of complementary moves, involving the worm

Boninsegni et al PRE 2006.

 ̂(~ri, j⌧ + t)

 ̂†(~ri, j⌧)



ri,1

ri,2

M

M

1

2

⌧
=

�
/M

Sampling the G-sector: Swapping

Relatively high acceptance, 
also in hard core potentials

May generate all possible 
many-body permutations

Condensate’s properties can 
be measured in the G-sectors
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⌧
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Sampling the G-sector: Swapping

Relatively high acceptance, 
also in hard core potentials

May generate all possible 
many-body permutations

Condensate’s properties can 
be measured in the G-sectors



ri,1

ri,2

M

M

1

2

⌧
=

�
/M

Sampling the G-sector: Swapping

Relatively high acceptance, 
also in hard core potentials

May generate all possible 
many-body permutations

Condensate’s properties can 
be measured in the G-sectors



After a decent score (oops sampling)
we can average some properties…



Z-sector 
Energy 

Pressure as well

Ekin

N
⇡ d

2⌧
� 1

4�⌧2
h(~rk � ~rk+1)

2i+ �⌧2

9
h(rV (R2k))

2i

E
pot

N
⇡ hV (R2k�1)i

P(N,V,�) =
1

�Z

@Z(N,V,�)

@V

Pair correlation function

g2(~r) =
V 2

N
h
X

i6=j

� (~r � ~rij)i

0 5 10 15
r
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g(
r)

example with a radial symmetry 
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Superfluidity
Different response of normal/super fluid component to the 
boundary of the container 

Under rotation the superfluid component remains at rest. 

Non-classical rotational Inertia  

We can evaluate fs using topological properties of the 
system such as the winding number

fs = 1� Iq

Ic

different from zero if some permutation 
cycle winds around the periodic 

boundary condition

W =
X

i

(~rPi � ~ri)

averaged over a simulation in d-dimension:

fs =
1

2�

hW2iL2�dd

⇢d�

Sampling the permutation space (cont’d)



N-bosons 
PBC applied 
N=100÷400 
T≪Tc (ground state limit) 
Gas parameter ≈10-5 ÷10-1

H = � ~2
2m

NX

i

r2
i +

NX

i<j

V (~ri � ~rj)

V (rij)

FC, Cappellaro,  Salasnich, Macrì, submitted

Just recapping the system Hamiltonian

V (rij) =

(
d2

r3ij

�
1� 3 cos

2 #
�
, if rij � a,

1, rij < a.
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Structural properties by increasing the dipolar length
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Structural properties by increasing the dipolar length
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FIG. 2. Characterization of the di↵erent phases across the phase diagram at large density. Shapshots (or
density distribution) from PIMC simulations at di↵erent strengths of dipolar interaction for nr30 = 10�2 in the three phases: a)
Superfluid phase at ad = 0.6r0, b) superfluid filament phase at ad = 2.6r0 and c) unstable phase at ad = 6.0r0. Lower panels
show the corresponding radial pair correlation functions g2(r). (do we show also correlation functions along other directions?
I would say yes. the vertical correlation function g2(z) in the three phases.... Simulations for this figure are done with 100
particles and 500 slices with periodic boundary conditions in free space. To each particle and slice we attach a bead which is
represented in the snapshots a)-c).

along the vertical direction where filaments extend uni-
formly and it vanishes along the orthogonal x� y plane.
This result indicates that each filament is certainly phase
coherent, but globally the system is not. Therefore, in
the thermodynamic limit, we expect the system to crys-
tallize into an array of filaments which does not represent
a supersolid phase. The origin of the absence of a super-
solidity is to be found in the competition of the small dis-
tance hard-core pair potential and the anisotropic shape
of the dipolar interaction. In fact for non-local potentials
which are fully repulsive and soft-core both in two and
three dimensions bosons crystallize a supersolid phase
forms at already relatively low densities [26] cite padova
work in 3D.

Finally we investigate the stability of superfluid fila-
ments at finite temperature. In Fig.4 we show the tem-
perature dependent superfluid fraction for a system of
N = 100 particles at density ⇢r2

0

= 10�2 scaled by the
critical temperature of an ideal Bose gas with the same

density kBT 0

c = 2⇡
⇣(3/2)

2/3

�
nR3

0

�
2/3

. In the superfluid

phase for ad ! 0 the critical temperature is consistent
with recent and more sophisticated calculations by Pilati
et al. [27] within ⇡ 10%. Our goal here is to study the
stability of filaments at finite temperature. The precise
calculation of the critical temperature in the presence of
dipolar interactions requires more attention and it is the

focus of an ongoing separated investigation [31].
For weak but finite dipolar pair interactions at ad =

0.6 r
0

still in the superfluid phase we compare our re-
sults with an analytical calculation within the Landau
two-fluid model framework [32], which predicts the tem-
perature dependence of the normal density as

⇢n = �1

3

Z
d3q

(2⇡)3
~2q2

m

dfB

dEq
(4)

where fB is the usual Bose distribution function and

Eq =

r
~2q2

2m

⇣
~2q2

2m + 2µṼ (q)
⌘

the Bogoliubov spectrum

with V (q) = g
0

�
1 � ✏d + 3✏ cos2(✓q)

�
the Fourier trans-

form of the combination of the dipolar potential and the
contact interaction with strength g

0

. The chemical po-
tential µ is estimated including the beyond mean field
contribution of the dipolar interaction [2]:

µ = g
0

⇢

✓
1 +

32

3
p

⇡

p
⇢a3

s Q
5/2

(✏d)

◆
, (5)

where g
0

= 4⇡~2as/m and as is the scatter-
ing length of the contact potential and Qn(x) =R

1

0

dt
�
1 � x + 3xt2

�n
. A comparison of eq.4 with nu-

merical PIMC for ad = 0.6 r
0

data is shown in Fig.4.
For su�ciently low temperatures we expect that only the
linear part of the spectrum contribute to the elementary
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g(r) / h
X

i

X

j 6=i

� (r � rij(t))i

Structural properties by increasing the dipolar length
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ular to the direction of the filaments. In the FP, it is
strongly suppressed in the region between two filaments
as expected from the configuration snapshot. In the UP
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(r) flattens at intermediate distances displaying an ir-
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the thermodynamic limit, we expect the system to crys-
tallize into an array of filaments which does not represent
a supersolid phase. The origin of the absence of a super-
solidity is to be found in the competition of the small dis-
tance hard-core pair potential and the anisotropic shape
of the dipolar interaction. In fact for non-local potentials
which are fully repulsive and soft-core both in two and
three dimensions bosons crystallize a supersolid phase
forms at already relatively low densities [26] cite padova
work in 3D.

Finally we investigate the stability of superfluid fila-
ments at finite temperature. In Fig.4 we show the tem-
perature dependent superfluid fraction for a system of
N = 100 particles at density ⇢r2
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= 10�2 scaled by the
critical temperature of an ideal Bose gas with the same

density kBT 0
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. In the superfluid

phase for ad ! 0 the critical temperature is consistent
with recent and more sophisticated calculations by Pilati
et al. [27] within ⇡ 10%. Our goal here is to study the
stability of filaments at finite temperature. The precise
calculation of the critical temperature in the presence of
dipolar interactions requires more attention and it is the
focus of an ongoing separated investigation [31].

For weak but finite dipolar pair interactions at ad =
0.6 r

0

still in the superfluid phase we compare our re-
sults with an analytical calculation within the Landau
two-fluid model framework [32], which predicts the tem-

perature dependence of the normal density as
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. A comparison of eq.4 with nu-
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data is shown in Fig.4.
For su�ciently low temperatures we expect that only the
linear part of the spectrum contribute to the elementary
excitations of the superfluid. Therefore upon lineariza-
tion in this regime of low T we find that fs can be nicely
approximated as:
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For a non-interacting Bose gas

ad → 0 agreement with previous QMC, Pilati 2008 

ad  > 0 stability at finite T  for SF and FI 
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FIG. 3. Superfluid fraction fs across the transition from su-
perfluid to filament transition at high densities. Upper panel.
fs as a function of the dipolar length along the vertical di-
rection and the orthogonal direction for nr30 = 10�2. Dipoles
and filaments are aligned along the z-axis. In the SF the su-
perfluid fraction converges to fs = 1 isotropically. In the fila-
ments we observe fs = 1 along the vertical axis and vanishing
on the orthogonal plane. Error bars are statistical uncertain-
ties. Lower panel. Relative frequency of permutation cycles
of length L again for nr30 = 10�2 and ad = 0, 0.6, 2.8, 6.0 r0 in
the the SP (blue and yellow), FP (grey) and UP (purple).
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/m, which is widely used as a regularized form
of the interparticle potential (2) [29, 32, 38]. The chem-
ical potential µ is estimated including the beyond mean
field contribution of the dipolar interaction:
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[39]. The plot of the
superfluid fraction along the vertical axis from Eq.(3) is
shown in Fig.4 for a

d

= 0 (black line) and a
d

= 0.6 r
0

(red dashed line). In the low temperature regime we
can linearize Eq to determine an approximate analytical
formula for the superfluid fraction:
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that works well up to T . 0.3 T
0

. In the inset of Fig.4 we
show the di↵erence between the superfluid fractions of
Eq.(3) and the analytical result Eq.(5) for the same val-
ues of a

d

as in the main figure. For larger dipolar length
a

d

= 2.6 r
0

, in the FP, the superfluid fraction along the
vertical axis is finite within a large window of tempera-
tures. We conclude then that filaments are stable against
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FIG. 4. Superfluid fraction f (z)
s as a function of the scaled

temperature T/T0 at nr30 = 10�2 for three values of the dipo-
lar lengths: a) SF with ad = 0 (hard-core bosons), b) SF
with ad = 0.6r0, c) FP with ad = 2.6r0. Lines refer to the
analytical prediction of the temperature dependence of the su-
perfluid fraction at nr30 = 10�2 from Eq.(3) at ad = 0 (black
continuous line) and ad = 0.6 r0 (red dashed line). Inset. Low

temperature limit of f (z)
s from Eq.(3) and Eq.(5) in the SF at

ad = 0 and ad = 0.6 r0.

finite temperature fluctuations and we clearly see that
anisotropic superfluidity is finite up to temperatures T ⇠
0.8 T

0

. We also verified that the orthogonal components
of the superfluid fraction are vanishing in this regime.

Our results then suggest that the observed interference
pattern [15] is a consequence of local phase coherence
(within each filament) and not a global one (among the
filaments). As discussed above the FP is characterized
by an anisotropic superfluid density that, interestingly,
might be measured via the second sound along the or-
thogonal directions as recently done with strongly inter-
acting Fermi gases [5–8].

In this Letter we studied the many-body phases of an
ensemble of bosons interacting via dipole-dipole interac-
tions in three dimensional free space and investigated the
superfluid behavior of dipolar filaments. We spanned a
wide range of the parameter space confirming the exis-
tence of an extended phase of non-overlapping filaments
with unitary superfluidity along the filaments and van-
ishing otherwise. Our results therefore theoretically sup-
port recent experimental findings about the stability of
droplets in free space [19] and the presence of local phase
coherence [15] giving rise to interference fringes but ex-
clude global phase coherence of the filaments and there-
fore a possible supersolid phase in the thermodynamic
limit. Finally we confirmed that such a filament phase is
stable at finite temperature. More refined investigations
are needed to determine accurately the melting transition
of the filaments into a fluid phase.
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Fermions on bi-layers: interlayer 
pairing, BCS to BEC transition.

Electron-hole bilayers in 
semiconductors coupled quantum 
wells. Seasons 2009.

Dipolar bosons on bi-layers

z

Dipolar Bosons: adding up an in-plane SF 
phase. Ex: stack of pancake-shaped dipolar-
condensates with one-dimensional optical 
lattices.
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2. State of the art 7

(a)

matic ac fields can lead to the realization of interesting po-
tentials !for example, the attractive potential of Fig. 2"; how-
ever, in this work we focus on monochromatic ac fields only.

In all cases, the derivation of the effective 2D interactions
proceeds in two steps: First, we derive a set of Born-
Oppenheimer !BO" potentials by diagonalizing the Hamil-
tonian for the relative motion of two particles for fixed mo-
lecular positions. Within an adiabatic approximation, the
corresponding eigenvalues play the role of an effective 3D
interaction potential. Second, we obtain an effective 2D dy-

namics by integrating out the fast transverse motion of the
molecules along the direction of the tight parabolic confine-
ment.

The paper is organized as follows. In Sec. II we discuss
the Hamiltonian for a single rotating polar molecule dressed
by dc and ac !microwave" fields under conditions of strong
optical confinement. The collisions of two polar molecules
are considered in Sec. III. After reviewing the molecular col-
lisions in the absence of external fields, in Sec. III A we
consider the case of interactions in the presence of a dc elec-
tric field. In particular, the stabilizing effects of a parabolic
potential confining the particles to a 2D plane are analyzed in
Secs. III A 3 and III A 4, while the effective 2D interaction
potential Veff

2D!!"=C3 /!3 is derived in Sec. III A 5. The inter-
actions in the presence of an ac field are studied in Sec. III B.
In the absence of external confinement, this case is analo-
gous to the 3D optical shielding developed in the context of
ultracold collisions of neutral atoms #40–42$. As in the latter,
we find a strong dependence of the 3D shielding potential on
the polarization of the ac field. The presence of “holes” in the
3D shielding potential for certain polarizations and of several
degeneracies in the two-particle spectrum for all polariza-
tions render the pure ac-field case less appealing for realizing
stable collisional setups in 2D. In fact, both the former and
the latter processes open loss channels for the ground-state
interaction. In Sec. III C we analyze the interactions in com-
bined dc and ac fields, and we show that the dc field helps to
greatly suppress the presence of possible loss channels at
large distances, while an additional harmonic confinement
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FIG. 1. !Color online" System setup: Polar molecules are
trapped in the !x ,y" plane by an optical lattice made of two coun-
terpropagating laser beams with wave vectors ±kL= ±kLez !arrows
on the top and bottom". The dipoles d j are aligned in the z direction
by a dc electric field Edc%Edcez !arrow on the left". An ac !micro-
wave" field Eac is indicated !arrow on the right". Inset: Definition of
polar !"" and azimuthal !#" angles for the relative orientation of the
intermolecular collision axis r with respect to a space-fixed frame
with axes &ex ,ey ,ez'.
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FIG. 2. !Color online" Qualitative sketch of effective 2D poten-
tials Veff

2D!!" for polar molecules confined in a 2D !pancake" geom-
etry. Here, !=r sin "!cos # , sin #" is the 2D coordinate in the plane
z=0 and !=r sin " !see inset of Fig. 1". Solid line: Repulsive dipo-
lar potential Veff

2D!!"=C3 /!3 induced by a dc electric field. Dash-
dotted line: Steplike potential induced by a single ac !microwave"
field and a weak dc field. Dashed line: Attractive potential induced
by the combination of several ac !microwave" fields and a weak dc
field. Here, the potentials Veff

2D!!" and the separation ! are given in
arbitrary units. For the steplike case !dash-dotted line" !=1 corre-
sponds to the Condon point rC of Sec. III C.
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FIG. 3. !Color online" Sketch of the phase diagram for a homo-
geneous 2D system of polar molecules interacting via the effective
2D repulsive potential Veff

2D!!"=C3 /!3. T is the temperature in units
of Td%C3 /kBa3, with a the average interparticle distance and kB the
Boltzmann constant. The symbol rd%Eint /Ekin=C3m /$2a is the in-
teraction !Eint=C3 /a3" to kinetic energy !Ekin=$2 /ma2" ratio. A
crystalline phase appears for large ratios rd%rQM and small tem-
peratures T&Tm. The critical ratio rQM(18±4 for the quantum
melting to a superfluid phase has been determined in Ref. #31$,
while the classical melting temperature Tm !dashed line" to a normal
gas phase has been calculated in Ref. #37$. The finite-temperature
superfluid to normal fluid phase transition is of the Berezinskii-
Kosterlitz-Thouless type #38,39$ and it appears below the upper
bound TKT='$2 /2kBma2 !dash-dotted line". The crossover to an
unstable regime for small repulsion and finite confinement in the z
direction !see Fig. 1" is indicated by a hatched region !see text, Sec.
III".
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Figure 3: (a) Possible experimental setup [27] of polar molecules trapped in 2D with

the dipoles oriented along the z-direction by a DC electric field. (b) E�ective dipolar

potential v2D
e�(⌃r) = D/r3 (solid line); potential with a single microwave transition (dashed

line); and attractive potential induced by microwave coupling (dotted line) [28]. (c)

Phase diagram temperature versus inverse of the interparticle distance [27].

ing between superfluid and crystalline phases (the tentative phase diagram is given in

Fig. 3c). Moreover, the finite-temperature properties as the SF transition temperature

was explored in terms of the Berezinskii-Kosterlitz-Thouless scenario by Filinov et al.

[29].

The WA results found in Ref. [28] are also supported by other numerical approaches

such as di�usion Monte Carlo methods: in a recent paper, Astrakharchik et al. [30]

obtained a quantum phase transition from a gas to a solid phase in the ground-state

limit. In addition they discussed the BEC phase and the excitation spectrum of the

system.

Among the crucial issues regarding a possible comparison with the experiments, we

emphasize that, even if a single layer can be actually prepared, in general molecules

occupy several layers of an optical lattice, and for that reason the e�ect of adjacent

layers have to take into account [31]. Therefore, the understanding of the pure 2D

L. Meitner Research Proposal: Supersolidity in cold quantum gases
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with short-range interactions at the same temperature and
filling factor, but is still comparable to the lowest entropies
reached with bosonic ultracold alkali gases [31]. We find
transitions that are continuous or belong to the Spivak-
Kivelson bubble-type transition [32].

We study the Hamiltonian Eq. (1) by an unbiased and
accurate quantum Monte Carlo simulation using the worm
algorithm [33] in the implementation of Ref. [34]. To
efficiently handle the slow (but integrable) decay of the
potential in two dimensions, we replace the potential by a
tabulated potential which is summed over all periodic
images (like in an Ewald summation) and which is only
slightly different from 1=r3. In contrast to the short-range
model, simulations with repulsive long-range interactions
are notoriously more difficult and we suffer from the extra
complication of a diverging number of low-energy meta-
stable states [35]. Although this makes the identification of
the phases and phase transitions at very large interactions V
hard for current computational techniques, the supersolid
phase can still be unambiguously identified in the experi-
mentally most relevant regime. To identify the superfluid,
solid, and supersolid phases we measure the superfluid

density !s and the density wave structure factor S ~Q=L
2 ¼

hjPL2

k¼1 nke
i ~Q~rk j2i=L4 with ~Q ¼ ð4"=3; 0Þ.

Ground state.—We start our analysis with the ground
state phase diagram, shown in Fig. 1 for densities below
half filling (the results above half filling are similar). This
phase diagram has been obtained by extrapolating numeri-
cal data for different system sizes L ¼ 12, 18, 24, and
sometimes L ¼ 30 to infinity scaling the inverse tempera-
ture as #t ¼ L. The quality of the raw data from which the

phase diagram was obtained can be assessed in Fig. 2. For
V=t > 7:5ð5Þ there is an insulating commensurate solid at
filling factor n ¼ 1=3.
For densities below 1=3 a superfluid phase is reached,

similar to what is found for the short-range model [18–22],
but the transition here is different and of the bubble type
introduced by Spivak and Kivelson [32]: over a finite but
narrow range of chemical potentials, small crystallites
form an emulsion of bubbles inside a liquid.
For V ¼ 30 (not shown) we find the first evidence for

additional plateaus at various fillings below n ¼ 1=3which
are not present in the short-range model. With increasing
system size the number of plateaus grows and they are
separated by small superfluid regions. We expect that an
incommensurate, floating solid is formed in the thermody-
namic limit for strong interactions by analogy to the analy-
sis of Ref. [36]. Note that in the classical limit of zero
hopping the long-range model exhibits a devil’s staircase
(see Refs. [37,38] for 1d) of various solid phases.
Above the commensurate solid at n ¼ 1=3 we find a

continuous second-order phase transition belonging to the
3D XY model universality class to a supersolid phase,
similar to what occurs in the short-range model. While
near the tip the supersolid phase exists only over a narrow
filling factor range, it quickly extends (V=t ¼ 15) all the
way to half filling. For larger interactions (V=t > 20) and
close to half filling, the structure factor S ~Q and the super-

fluid density go down and supersolidity is lost for V=t ¼
30 at and near half filling. The stability of the superfluid
and supersolid phases has been addressed in Ref. [39].
Finite temperature.—To study the transitions at finite

temperature we work in the canonical ensemble at a filling

FIG. 2 (color online). Density n, superfluid density !s, and
structure factor S ~Q=L

2 for V=t ¼ 15 as a function of chemical

potential $. Statistical errors are smaller than symbol sizes if not
shown.

FIG. 1 (color online). Ground state phase diagram for the
Hamiltionian equation (1) around a filling factor n ¼ 1

3 with t
the tunneling amplitude and V the interaction strength. The
phases are a superfluid ‘‘SF’’, supersolid ‘‘SS’’, and a commen-
surate solid at filling factor n ¼ 1

3 . With the double line we

indicate a transition region of the Spivak-Kivelson bubble type
(emulsions) gradually going over to a region of incommensurate,
floating solids with increasing interaction strength. For large
interaction strength, and starting around half filling, the super-
solid phase is suppressed by emerging solid ordering (stripes at
half filling and incommensurate, floating solids at other fillings).
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Dipolar bosons in two-dimensions
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decoupled superfluids

superfluid dimers (M=2m)

Again on QMC
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Pairing regime

Independent fluids

…what might we expect from a dipolar system with such a geometry?
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Snapshot configurations (world lines)
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Low-Density & planes far apart  

fs=1.0 on each plane 
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Independent superfluids 
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Low-Density & planes “closer”  

fs=0.5 on each plane 

2D universality class (BKT transition) 

Additional strong range correlation

Paired superfluid 

plane 1 (α)
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Paired crystal 

High-Density & planes closer and 
closer 

fs=0.0 on each plane

plane 1 (α)
plane 2 (β)
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To conclude… 
Schematic ground state phase diagram of 
bosonic dipolar gases on a bilayer geometry 

2CR “melts” in decoupled crystals

PC melts in a paired fluid

2SF extends its domain to 
lower λ: competition between 
in- and inter-plane interactions
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Stabilisation of quantum dipolar droplets is 
becoming an exciting research topic!

Many-body phases of an ensemble of bosons 
interacting via dipole-dipole interactions 
Outlook: critical properties on trapped systems

d

rs

2SF

PSFPC

2C
R

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1
0

0.1

0.2

0.3

0.4

Quantum phase diagram of dipolar bosons on 
bilayers 
Outlook: feasible experiments?

Conclusions
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